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Abstract. We study an Aganagic—Vafa brane supported on a special La-
grangian submanifold £ in a non-compact toric Calabi—Yau threefold X.
From the perspective of geometric engineering, the Aganagic—Vafa branes
give rise to a special class of half-BPS codimension-two defects in 5d
N = 1 supersymmetric field theories in the presence of 2-background.
We propose that the defect partition functions give generating functions
of refined, nonnegative, integral open BPS invariants of the pair (X, L),
across different Ké&hler moduli chambers they are expanded in. In the
Nekrasov—Shatashvili limit, the partition function provides a partially
resummed solution to a g-difference equation that quantizes the mirror
curve of X in an unambiguous fashion, in a polarization determined by the
discrete labels of the Aganagic—Vafa brane. We demonstrate our method
at examples of C2, resolved conifold, resolved A;-singularity, local Fp, and
local Fi.
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1. Introduction

Enumerative invariants of a Calabi—Yau threefold X’ can be packaged in sev-
eral closely related curve-counting theories, including the map-based approach
of Gromov—Witten theory and the sheaf-theoretic approach of Donaldson—
Thomas theory. A natural open analogue arises when one studies a pair (X, L),
where £ C X is a Lagrangian submanifold (equipped with auxiliary brane
data). In this setting, one is led to the counting of open curves where the
boundary is mapped to £. Compared to the closed sector, the non-compactness
of the open moduli space introduces additional subtleties: the framing of the
Lagrangian and the stability parameters. The aim of this work is to establish
a field-theoretic method to compute these invariants as BPS degeneracies of
the associated coupled 3d-5d system.

A physical incarnation of these invariants arises from string/M-theory
in the background X, where they encode protected quantities capturing the
spectrum of BPS states. In the closed sector, the A-model partition function on
X (refined by their spin content in the Q-background) admits a universal BPS
expansion: The invariants can be reorganized in terms of nonnegative, integral
BPS multiplicities associated with M2-branes wrapping holomorphic curves in
X [1,2]. In the presence of an M5-brane supported on £, an analogous open
sector is obtained from M2-branes whose boundary lies on £ (which descend
to open strings ending on the A-brane) [3-5]. Their protected degeneracies are
expected to give refined, nonnegative, integral, open BPS invariants.

When X is non-compact, the 5d supergravity decouples from remaining
5d A =1 field theory, geometrically engineered by X [6]. The remaining BPS
invariants can be interpreted intrinsically within this field theory. When there
is a Kéhler chamber where the engineered theory has a weakly coupled IR
gauge theory description (the large-base chamber), the BPS Hilbert space is
realized as the equivariant cohomology of the moduli space of framed instan-
tons on C2. The closed BPS partition function is then given by the equivariant
Euler characteristics (i.e., the K-theoretic Nekrasov partition function [7,8]),
a series in the gauge coupling with coefficients being exact rational functions
in the equivariant parameters. Identifying the exponentiated Kahler moduli
with the gauge coupling and the equivariant parameters, the single-particle
BPS multiplicities are then obtained by taking the plethystic logarithm of the
partition function, expanded in all the Kahler moduli. In this step the Kéhler
moduli chamber is fully specified; different expansions yield the refined closed
BPS invariants in the respective chambers.

From the viewpoint of geometric engineering, an Mb-brane supported
on L produces a half-BPS codimension-two defect in the 5d A/ = 1 theory
engineered by X. In this work, we restrict to a distinguished class of such branes
of Aganagic—Vafa type, for which £ is a special Lagrangian submanifold with
topology R? x S [9-11]. An Aganagic—Vafa brane gives rise to a canonical
codimension-two defect described by a 3d A/ = 2 U(1) gauge theory whose
flavor symmetry is partially gauged by the restriction of the 5d gauge field
to the defect locus. It is then natural to expect that the vacuum expectation
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value of this defect — equivalently, the partition function of the coupled 3d-5d
system in the Q-background — computes the generating function of refined
open BPS invariants of the pair (X, L), with the newly introduced discrete
and continuous open moduli translating into the 3d defect parameters. This
field-theoretic approach to open BPS invariants has appeared in a number of
previous works [12-17]; however, most explicit analyses have been restricted to
settings in which the 5d gauge dynamics is absent or effectively decoupled, due
to the lack of a general localization formula for the defect expectation value in
the presence of a fully dynamical 5d bulk. Similar computations can also be
performed using topological vertex, see, for example, [18]. Explicit localization
formulas for codimension-two defect coupled to dynamical gauge theories are
available in the 2d-4d settings in [19-21].

The main goal of the present work is to overcome this limitation by cou-
pling the codimension-two defect to a fully dynamical 5d N' = 1 gauge theory
and computing its exact expectation value by localization. The canonical de-
fect admits two complementary descriptions, which we refer to as the Coulomb
and Higgs phases, corresponding to different choices of parameters to be turned
on in the 3d A/ = 2 theory (a complex scalar X € C* in the twisted chiral
multiplet versus a complexified FI parameter Z € C*).

In the Coulomb phase, the defect partition function receives no non-
perturbative 3d contributions, and it reduces to a one-loop determinant de-
pending on the twisted masses of the 3d chiral multiplets. When the defect is
coupled to the 5d bulk, these twisted masses must be promoted to the scalar
in the dynamical 5d vector multiplet restricted to the defect. Equivariantly,
this promotion is implemented by replacing the corresponding flavor bundle
with the universal instanton sheaf on the instanton moduli space, thereby pro-
ducing a codimension-two observable that we call the Q-observable. (See the
4d construction in [21] and its 5d uplift in [22].)

In the Higgs phase, the 3d path integral receives contributions from non-
perturbative BPS vortex configurations. Following [22], we exploit the repre-
sentation of the K-theoretic vortex partition function as a g-lattice sum whose
summand is precisely the Coulomb-phase one-loop factor. This makes it possi-
ble to couple the vortex sum to the bulk instanton background term by term:
We promote each summand to the corresponding QQ-observable and thereby
obtain the Higgs phase codimension-two insertion, which we refer to as the
H-observable.

The vacuum expectation values of these codimension-two observables are
then computed by equivariant localization on the moduli space of framed in-
stantons, i.e., by summing over its isolated fixed points. Finally, taking the
plethystic logarithm of the resulting defect partition function and expanding
in a chosen Kéahler chamber, we extract the refined open BPS invariants as
the coefficients of the series and verify their expected integrality and nonneg-
ativity. We exemplify our method at the examples of C3, resolved conifold,
resolved Aj-singularity, local Fy, and local Fj.

We stress that most of the refined open BPS invariants we compute here
are new. To the best of our knowledge, the local F) invariants are entirely
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new. For the resolved conifold, the resolved A;-singularity, and the local Fj,
our tables substantially extend the existing literature by reaching higher orders
in the expansions using the 3d—5d localization formula.

An Aganagic—Vafa brane is characterized by discrete and continuous
data, which translate naturally into parameters of the canonical codimension-
two defect. The discrete framing f € Z controls the choice of open-string po-
larization (equivalently, how the open modulus is parametrized on the mirror
curve of X) and is identified on the defect side with the Chern—Simons level.
The continuous open modulus is mapped to a parameter of the 3d N = 2
theory: Depending on the phase of the defect, it is identified either with the
Coulomb parameter X or with the complexified FI parameter Z. The choice
of this phase is correlated with another discrete label of the AV brane: the
choice of toric leg on which the AV brane ends.

We confirm this dictionary most explicitly via the quantum mirror curve:
In the Nekrasov—Shatashvili limit, the defect expectation value is annihilated
by a g-difference operator, which provides a quantization of the classical mirror
curve. In particular, the discrete AV brane data fix the polarization of the
quantization, and we obtain an unambiguous quantum mirror curve operator
compatible with the defect construction.

The paper is organized as follows. In Sect. 2, we first review the refined
closed BPS invariants of X and their realization in the geometrically engi-
neered 5d N’ = 1 gauge theory. We then introduce an Aganagic—Vafa brane
supported on a special Lagrangian submanifold £ C X and review the refined
open BPS invariants of the pair (X, L). We analyze the associated half-BPS
codimension-two defect of the 5d theory via the type IIB dual description in
terms of a (p, ¢)-fivebrane web, in which the AV brane maps to a D3-brane
ending on a fivebrane segment. We present explicit expressions for the canoni-
cal codimension-two defect observables in both the Coulomb and Higgs phases
(Egs. (2.28) and (2.31), respectively) and propose that their vacuum expec-
tation values compute the generating function (2.18) of refined open BPS in-
variants. We also investigate connections to open Gromov—Witten invariants
and open Donaldson-Thomas invariants. In Sect. 3, we illustrate our method
through the examples of C3, resolved conifold, the resolved A;-singularity, lo-
cal P! x P! (i.e., local Fy), and local Fy. In each case, we identify the relevant
3d N = 2 U(1) gauge theory describing the defect, and the explicit defect
observables it produces. We extract the refined open BPS invariants from the
plethystic logarithm of the corresponding partition function and verify that
they are nonnegative integers, as predicted. We further perform nontrivial
checks of the S-transformations relating different AV branes, providing addi-
tional evidence that the coupled 3d—5d partition function reproduces the open
BPS invariants. We conclude in Sect. 4 with discussions. Appendix A collects
tables of refined open BPS invariants computed by our method for all examples
considered.
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2. Refined BPS Invariants from Geometric Engineering

We begin by reviewing refined closed and open BPS invariants arising from M-
theory on a local Calabi—Yau threefold X in the presence of an Aganagic—Vafa
brane supported on a special Lagrangian £ C X. We then give a field-theoretic
description of the associated canonical half-BPS codimension-two defect and
propose that its vacuum expectation value computes the generating function of
refined open BPS invariants. Next, we show that the resulting defect partition
function is annihilated by a g-difference operator, yielding an unambiguous
quantization of the mirror curve of X. Finally, we discuss the connections to
open Gromov—Witten and open Donaldson-Thomas invariants.

2.1. Refined Closed BPS Invariants from 5d ' = 1 Gauge Theory

Consider the M-theory placed on R* x S' x X, where X is a local Calabi-
Yau threefold. The massive BPS particles arise from M2-branes wrapping
holomorphic curves in X. Quantizing the corresponding wrapped M2-brane
moduli spaces yields a one-particle BPS Hilbert space Hpps, graded by the
curve class 8 € Hy(X;Z). The massive little group in five dimensions is
Spin(4) = SU(2)L x SU(2)g, and hence, each graded piece decomposes into
irreducible representations as

Hepss= D Vi, @V, ®CV"" NP € 7, (2.1)

JLJRESZ>0

where Vj is the (2j 4 1)-dimensional representation of SU(2). The degeneracies
NgL’jR € Z>o of BPS states with charge § € Ha(X;Z) and spin (j,jr)
under SU(2)y, x SU(2) g are called the refined closed BPS invariants of X'. The
generating function of these refined closed BPS invariants can be written as
[1,2]

Zggst = 1 IT rE

BEH2(X;Z)\{0} jr,jr€LZ>0

o . . s
(71)2‘]L+2‘]RNéL7]R 12]L (qu]f/);JR(%l/ZQ )?1/2 ; (2'2)
<Q1 —q ) <q2 — 4 )

where we denoted the SU(2) character by x,(q) = Trvjq‘] =q I 4qgt 4+
-+++¢’. The unrefined closed BPS invariants are recovered by taking ¢z = q; L

Compactified on X, the 11d supergravity multiplet yields the 5d super-
gravity multiplet, vector multiplets, and hypermultiplets. Since X is a local
Calabi-Yau , the 5d N' = 1 supergravity decouples from the gauge theory
dynamics. The M2-branes supported on S' x C' where C C X is a compact
holomorphic two-cycle lead to 5d BPS particles on S'; W-bosons, charged
hypermultiplets, and instanton particles. The first one is responsible for the
nonabelian enhancement of the gauge group in the limit where the correspond-
ing cycles shrink to zero. This construction of the 5d N' = 1 gauge theory is
called the geometric engineering [6]. Note that its contents, i.e., the gauge
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FIGURE 1. ADHM quiver with gauge node K = C* and fram-
ing node N =C"

group, its representation attached to hypermultiplets, and the Chern—Simons
level, are fully determined by the geometric data of X.

When X is a non-compact toric Calabi—Yau threefold, the M-theory is
dual to the IIB string theory with a (p,q)-web of fivebranes, whose planar
graph is given by the graph-dual of the toric diagram of X [23,24].} The 5d
N =1 gauge theory is precisely the low-energy effective field theory realized
on their five-dimensional intersection R* x S'.

2.1.1. 5d N' = 1 Gauge Theory and Equivariant Index. From the geometric
engineering point of view, the partition function of the BPS degeneracies is
calculated by the path integral of the 5d AN/ = 1 gauge theory on the -
background RZ x R2 x S [8,25]. Throughout this work, we only consider the
cases where the gauge group is U(n) unless it is trivial.

The path integral computes the equivariant index of the space of BPS
states. At each instanton sector k = #f’HFQ € Z>o, the moduli space
M,, i, of framed instantons is realized as the Nakajima quiver variety [25] for
the framed Jordan quiver (i.e., the ADHM quiver [26]; see Figure 1), which
comprises of a single gauge node K = CF, a single framing N = C", two
self-loops on the gauge node B; 2 : K — K, and one arrow for each direction
between the two nodes I : N — K, J : K — N. In the stability chamber
where K = C[By, Bs]Im I, the moduli space of framed instantons is given by

Mn,k - {(Bl’BQ7I7 J) ‘ [Bl,Bz] +IJ - O, K = C[Bl,BQ] Im[}/GL(k),
(2.3)

where the action of GL(k) is given by
g: (BlaB%IvJ)’_)(gBlg_lagBZg_lquan_l)v gEGL(k) (24)
Note that the global symmetry group T = (C*)™ x (C*)? acts on M,, . by

(a,q1,q2) : (B1,Ba,1,J) — (1 B1,q2Bs, Ia™ ", q1gpa]), (a,q1,92) € T.
(2.5)

The space of BPS states is given by the T-equivariant cohomology of the
moduli space M,, ;. of framed instantons. Namely,

Hpps = @H}c = @H-F(Mn,kQ 8)7 (2'6)
k=0 k=0

I'We use the convention in which NS5 = (0,1) and D5 = (1,0).
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where £ is the bundle of zero modes of the Dirac operator, twisted by the
Chern—Simons line bundle. More specifically, the bundle of single-particle
fermionic zero modes is written as

E=M"@K+M®K*, (2.7)

where K is the tautological bundle and M (resp. M ) is the flavor bundle for
the fundamental (resp. anti-fundamental) hypermultiplets. *-symbol indicates
the dual bundle. The bundle of multi-particle zero modes is given by its total
anti-symmetric exterior power, PE[—E] := > .. (=1)* A" E. If we introduce a
bare Chern-Simons level kcg € Z, this matter bundle is further twisted by the
kcs-th power of the determinant line bundle L := det K of the tautological
bundle; Lk¢s = (det K)¥es. All in all, we have

£= SN\ E| @ (det K)kes, (2.8)

i>0

The equivariant index is the generating series of the equivariant Euler charac-
teristics,

Zint = Zq XT (M ki €)

=> q Chr(PE[—E])Ch(det K)*esTdy (T M, ), (2.9)
k=0 M,

where the second equality follows from the Hirzebruch—Riemann—Roch theo-
rem. The full partition function is obtained by incorporating the perturbative
contribution,

ZSd(av m,q;q1, q2) = Zl—loop(a’ m;qi, (]2) X ZinSt(av m, q;4q1, q2)7 (210)

where Z1-1°°P ig given by a product of refined MacMahon functions.
The equivariant localization reduces each integral into a summation over
the set M  of discrete fixed points under the action of the global symmetry

= (C*)™ x (C*)?. The fixed points in M. , are classified by n-tuples A =
(/\(1), A2 o M) of Young diagrams having k boxes in total, |\ = [A1)| 4
-+ [A™M| = k. At a fixed point )\, the equivariant Chern character of the
tangent bundle can be obtained as
Chr(TyMak) = Cht(N*)Chr(Ky) + 47 gz Chr(N)Chr (K3)
— (1= a1 = g3 ")Chr (k) Chr(K3),
where the equivariant Chern characters of the framing bundle N and the tau-
tological bundle K are given by

ChT Zaa, ChT K,\ Z Z XO, (212)

a=1Je\(®)

(2.11)
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where xg := aaqi_lq?l for O 5 € M) The universal sheaf of instantons as

an equivariant K-theory class is given by
S=N-(1-q)1-g)K (2.13)

Moreover, the flavor bundles M and M are acted on by the flavor symmetry
Tr = (C*)f x (C*)f, whose weights are called the mass parameters. The
equivariant Chern characters of these bundles are given by

f f
M=y "mi, M= m. (2.14)
=1 =1

Thus, applying the Atiyah—Bott localization theorem to each integral in (2.9),
we arrive at

zint =3 g T] x5 PE[-Chr (Ey)]PE[Ch (TaMo,1.)]. (2.15)
A Dex

Here, the plethystic exponential is defined as an operation on the equivariant
Chern characters as

[LQA =)

The geometric engineering of the 5d A/ = 1 gauge theory identifies the
generating function of the refined closed BPS invariants with the partition
function of the 5d N/ = 1 gauge theory, up to an overall multiplicative factor
contributed by the decoupled M2-branes and supergravity sector. Namely, we
have the identity,

PE Zx—Zy] Hﬂél_yj) (2.16)

Zﬁlgssed _ zdecoupled Z5d, (2_17)

where the gauge coupling ¢, the Coulomb parameters a, and the mass param-
eters m are identified with the exponentiated Kéhler moduli corresponding to
the generators of Ho(X;Z). In this work, we will neglect the decoupled part
Zdecoupled 41 d restrict our attention to the Z°d part captured by the geometric
engineering.

Note that the 5d gauge theory partition function Z°d is defined as a
(formal) power series in the instanton counting parameter gq. This is naturally
associated with the large-base chamber in which |q| < 1. Each coefficient of the
series is an exact rational function of the equivariant parameters (a, m, g1, ¢2).
To compare with the refined closed BPS generating function, which is written
as a series in the Kéhler parameters, we must choose a Kahler moduli chamber
and expand it to yield a formal series. With this understood, the identity (2.17)
should be interpreted as an equality of the corresponding chamber expansions
(up to the standard Coulomb-independent decoupled factors, if present). In
this sense, Z°¢ provides a partial resummation of the refined closed BPS gen-
erating function; it sums all contributions at fixed powers of the base parameter
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g while keeping the remaining dependence exact, and the resulting meromor-
phic expression can be re-expanded in different regions of Kéhler moduli to
access other chamber expansions.

2.2. Refined open BPS Invariants from Half-BPS Codimension-Two Defects

Now, let us introduce an M5-brane supported on R?l x St x L, where L C X
is a special Lagrangian submanifold. Due to the presence of the M5-brane, the
M2-branes may now end on it, being supported on relative homology cycles in
Hy (X, L;Z). Also, the rotation group is broken to the maximal torus U(1),, X
U(1).,. Note that the BPS particles are bound to R2 , which reduces the spin
group to U(1)., and promotes U(1),, to a flavor symmetry.
Let N} € Zs>o be the degeneracy of BPS states with charge

v € Hy(X,L;Z) and weight (r,s) € Z x Z under U(1)., x U(1),. We call
them the refined open BPS invariants of the pair (X, £). The generating func-
tion of these refined open BPS invariants can be written as [12]

open QTNT sq q2+2 P
Zgps = H H PE 1/2 —1/2
VEH, (X, LZ)\{0} rsct —4q

1
11 II H (1 gttigsts u)<*1>2*N;’S.

VvEH>(X,L;Z)\{0} r,se Z n=0

(2.18)

The generating function of the full BPS invariants is given by the product of
the closed sector contribution (2.2) and the open sector contribution (2.18),

Zpps = ZRps" x Zihs- (2.19)

2.2.1. Aganagic—Vafa Brane and Probe D3-Brane. From the geometric engi-
neering point of view, the M5-brane gives rise to a half-BPS codimension-two
defect, supported on R? (XS 1 of the 5d N/ = 1 gauge theory. The field content
of the codimension-two defect is in principle fully determined by the geometric
data of the pair (X, £). To focus on cases where the field-theoretic description
of the codimension-two defect is tractable, we restrict X to be a non-compact
toric Calabi—Yau threefold and £ C X to be a special Lagrangian of Aganagic—
Vafa (AV) type [9,10]. We call the corresponding M5-brane the Aganagic—Vafa
brane. From the perspective of the topological A-model on X, the AV brane is
an A-brane, supported on an AV special Lagrangian submanifold £ C X with
a flat U(1) bundle on it.

Let us revisit the description of AV special Lagrangian brane briefly.
A toric Calabi—Yau threefold is described by the symplectic quotient X =
CF+3//U(1)F. Tt can be obtained as the vacuum moduli space of the 2d N =
(2,2) gauged linear sigma model with gauge group U(1)* and chiral multiplets
(¢1)k+3 charged under the a-th U(1) factor by Q% € Z, « = 1,2,--- , k. Then,
X is given by the locus of the moment map equations,

k+3

ZQ?|¢1|2 = ,rOt7 a = 172a e 7ka (220)
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where r* € R, are Kéhler parameters (we may take them to be positive by
adjusting the overall sign of Q% for fixed a), modulo the gauge transformations.
The Calabi—Yau condition further imposes Zf:f’ QY =0 for all a.

Note that the charge matrix @ is a (k + 3) x k matrix. There are two
independent primitive vectors ¢° = (¢7)**? € ZF+3, 3 = 1,2, which satisfy
¢® € kerz QT and Zf:f qiﬁ = 0. We obtain a special Lagrangian submanifold
by imposing

k+3
S dlgilP =" p=1.2, (2.21)
i=1
where ¢? € R, and
k+3
Z arg ¢; = 6 = const. (2.22)

i=1
Recall that the non-compact toric CY threefold X can be viewed as a T°-
fibration over a non-compact convex polyhedron B C R3.2 The edges of B
form the dual graph of the toric diagram of X. In general, the special La-
grangian submanifold obtained above has topology of R, x T2, where the ray
R, intersects a face of B. However, if the ray R intersects an edge of B, i.e.,
an edge of the dual graph, one of the two circles in 72 must pinch at the in-
tersection and one obtains a special Lagrangian £ having topology of R? x St.
The latter type of special Lagrangian submanifolds is called Aganagic—Vafa

type.

By construction, there is a real positive modulus ¢ € R, of an AV special
Lagrangian submanifold £ given by its position on the edge. Moreover, the
AV Lagrangian A-brane supported on £ carries a U(1) local system; since
b1(L£) = 1, there is an additional modulus € given by its holonomy. In turn, the
moduli space of an AV brane becomes a complex algebraic surface ¥ C (C*)?
parametrized by the complexified coordinate te’® € C*. This algebraic curve
Y is precisely the mirror curve of X' [27]. In the mirror B-model with target
XV, a conic fibration over ¥, the B-brane dual of the AV Lagrangian A-brane
is the one supported on the conic fiber over a point in the mirror curve X.

Moreover, the AV brane carries two discrete labels in addition to the
continuous parameter X . First, there is a choice of the edge of the dual graph
it ends on. There are two classes of edges: the external edges and the internal
edges. The external edges are the ones extending to infinity. The internal edges

2Viewing each of C, for i = 1,...,k as S'-fibration over Ry, X can be regarded as TS-
fibration over a non-compact (but linearly bounded) subspace B C R3. The moment map
Eq. (2.20) ensures that locally X' is an R4 x T2 fibration over R3. Toric CY threefold
is obtained by gluing copies of C3 with coordinates (21, 22, z3) and three real Hamiltonians
ra = |22 —|21|?, rg = |23]%2 —|21]?, ry = Im(212223). Toric legs are defined as the loci when
both the S1’s of the T2 pinch, corresponding to r and rg = 0 (locally), and 7 being the
proper time along the line defining the toric leg. In other words, L;; = {|¢;| = 0}N{|¢;| = 0}
defines a toric leg at the intersection of two patches defined by {|¢;| = 0} and {|¢;| = 0},
respectively.
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are the ones introduced by a triangulation of the toric diagram, corresponding
to a choice of crepant resolution p : X — X [28]. Second, there is a choice of the
framing f € Z [5,10]. Consider the boundary torus L ~ T? at infinity. Take
a basis H1(0L;7Z) ~ 7Z? = (m,ly), where m is the meridian which collapses
in £, while ly is the longitude generating Hi(L;Z) ~ Z. The framing f € Z
determines the image of the boundary of the open-string worldsheet is lifted to
a class in H1(0L;Z) as Iy = lp+ fm. It does not affect the classical boundary
holonomy, but it changes the polarization of the boundary phase space and
thus the open-string amplitudes. We will confirm the two discrete labels — the
edge and the framing — indeed determine the polarization in which the mirror
curve is quantized.

2.2.2. Canonical Codimension-Two Defect from Aganagic—Vafa Brane. To read
off the 3d N' = 2 theory engineered by the AV brane, it is convenient to pass
to the dual IIB string theory with (p, ¢)-web of fivebranes. We fix the SL(2;Z)
frame of the IIB string theory in the way that when the dual graph is rotated
90°-degree counterclockwise, the vertical lines are (0,1) = NS5 branes and
horizontal lines are (1,0) = D5 branes. (See Figure 5a for the case of X = C3.)
Under this duality, the AV brane passes to a single D3-brane ending on a
fivebrane segment in the (p,¢)-web [29]. The framing f € Z is implemented
explicitly by introducing an additional fivebrane on which the D3-brane ends
at the opposite boundary. By performing an overall T-transformation, we fix
our reference frame so that the fivebrane at the opposite boundary is always
an NS5-brane. Thus, the choice of the framing f € Z is reflected on the relative
T-transformations of the (p, ¢)-web.

Note that under the T-transformations, the D5-brane is invariant, while
(p, 1)-branes map to one another. Depending on the edge that the Aganagic—
Vafa brane ends on, we distinguish the following two codimension-two defect
observables:

e (Q-observable; if the D3-brane ends on a (p, 1)-brane.
e H-observable; if the D3-brane ends on a D5-brane.

Note both Q-observable and the H-observable may originate from a D3-brane
ending on either an external leg or an internal leg.

The effective field theory on the worldvolume of the D3-brane is always
a 3d N =2 U(1) gauge theory, with the Chern—Simons level assigned by the
framing as — f and the chiral multiplet content determined by the D3-D5 open-
string spectra. Recalling that the D5-D5 open strings give rise to the 5d NV = 1
gauge theory, the codimension-two defect is defined by gauging a part of the 3d
flavor symmetry by the 5d bulk gauge field restricted to the codimension-two
locus. This codimension-two defect is the uplift of the canonical surface defect
of 4d N = 2 field theories in [30]. Adopting the terminology, we refer to this
defect as the canonical codimension-two defect.

For 3d N/ = 2 U(1) gauge theory on R?l x 81, the real scalar in the
vector multiplet gets augmented by the holonomy of the gauge field, yielding
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a complex scalar,
c_ Rr, 1 ’{
=0 + A 2.23
o o 7P A ( )

which is periodic ¢© ~ o® + %’fi by the large gauge transformation. We define
the C*-valued exponentiated Coulomb parameter by X = exp(Rc®). In the
presence of the chiral multiplets, we may turn on the background gauge field
for the flavor symmetry also, giving rise to C*-valued twisted masses in a
similar way.

Moreover, the real FI parameter is augmented by the holonomy of the
background gauge field AT for the topological U(1) symmetry,® yielding a
complexified FI parameter,

R

It is periodic (¢ ~ ¢C + % by the large gauge transformation for the back-
ground gauge field. We define the C*-valued exponentiated FI parameter by
Z = exp RCC.

A generic value of the Coulomb parameter X can be turned on only when

the complexified FI parameter Z is turned off. Likewise, the complexified FI
parameter can only be turned on only at special values of the Coulomb pa-
rameters. Accordingly, the Q-observable Q¢(X) is obtained by the canonical
codimension-two defect in the Coulomb phase, while the H-observable H¢(Z)
is obtained in the Higgs phase. The continuous parameter te’ € C* of the
Aganagic—Vafa brane is identified with the Coulomb parameter X or the com-
plexified FI parameter Z, respectively.
Q-observable. In the examples we consider, the 3d A/ = 2 U(1) gauge theory
has n¢ chiral multiplets of charge +1 and n chiral multiplets of charge —1.
When the Coulomb parameter X is turned on, its partition function on R? x S!
is simply given by the 1-loop contribution as [31]

X~!(Chy(M) — Chr(N))
I-a

c_ry 1 AT 2.24
C=+ i d (224

Qr(X)e =0(X""q1)) PE 7 (2.25)
where 0 (;q) = (7;q) (qm’l; q)oo is the g-theta function. The Chern—Simons
level — f induces an anomaly which is canceled by the anomaly inflow from the
2d fermi multiplet on the boundary torus 9(R? x S') ~ T2. The contribution
of this 2d fermi multiplet is the above g-theta function.

Now, we couple the 3d A/ = 2 theory to the 5d N' = 1 U(n) gauge
theory by gauging the U(n) flavor symmetry for the chiral multiplets of charge
—1. At each instanton sector, there is a 1-loop contribution of the 3d fields
to the partition function, defining a codimension-two observable. The effect
of gauging is reflected by replacing the framing bundle N by the universal

3For any 3d abelian gauge field A, xdA is a conserved current, generating the topological
symmetry. Once the FI parameter is promoted to the bottom component of a background
vector multiplet, the FI term coupling the FI parameter and the dynamical vector multiplet
scalar becomes part of a supermultiplet coupling that also contains the current term AT A
*dA.
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sheaf S of instantons in the 1-loop contribution (2.25). Thus, we arrive at the
codimension-two defect observable given by

Qr(X)=6(X""q1)' PE {Xl(ChTiﬂf)ql ChT(S))] : (2.26)
At the fixed point ), its observable expression is given by
[T, (%a) . 25 X i X
(2.27)

The vacuum expectation value is therefore computed as
Zopen = (Qf (X))
20 4 Ten XE5® PE[=Chry (Ex)PE[Chr (TaM, 1)@ (X)a
Y, a [Igey XEPS PE[—Chr (Ey)PE[Chr (TaM, k)]

(2.28)

H-observable. The 3d N' = 2 U(1) gauge theory engineered by an AV brane
may transit into Higgs phase, where the Coulomb parameter X is fixed at
discrete loci (twisted masses of the chiral multiplets) and the complexified FI
parameter Z is turned on to open up a Higgs branch. Depending on whether
X is locked at the twisted mass of a chiral multiplet of charge +1 or charge
—1, the complexified FI parameter can be turned on with either |Z| > 1 or
|Z] < 1. In this work, we will only consider the latter case.

In this Higgs phase, the path integral on RZ x S! localizes to vortex
configurations. The resulting K-theoretic vortex partition function can be ob-
tained as a ¢;-lattice summation of the Q-observable [32,33].

HY(Z)o= Y exp [—iOggXlog (Z(—l)f(qul)g)} Qo(Xai e,
X Cand? 0g q1
(2.29)
where o € {1,2,--- ,n} labels the isolated Higgs vacua. Note that the summa-
I (Sasan)
L2 (aua)
ensuring the series is convergent in the domain |Z| < 1. The Chern-Simons
level —f only appears in a purely classical factor in the summand [32,34].
Now, let us couple this 3d A/ = 2 gauge theory to the 5d N' =1 U(n)
gauge theory. At each instanton sector, the 3d contribution to the partition
function is still summed over the vortex configurations. Since the K-theoretic
vortex partition function is written explicitly in terms of the g;-lattice sum-
mation of the ()-observable at the zero-instanton sector, it is straightforward
to generalize this expression to the nonzero-instanton sector. Namely, the so-
defined H-observable is obtained as

H(2)= 3 exp [— o (z<—1>f<Xq;1>5)] Qo(Xar), (2:30)

tion truncates from above due to the zeros of Qo(Xq; ')y =
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by simply adopting the @-observables in the presence of the bulk instanton
configuration. It should be noted that the summation remains to be trun-
cated from above due to the zeros of Qo(X¢; '), ensuring the convergence for
|Z] < 1. In contrast to the zero-instanton sector, however, the vortex number
is bounded below by —k instead of 0, where k > 0 is the instanton number,
indicating that both vortices and anti-vortices contribute to the partition func-
tion. This is the characteristic feature of the defect defined by GLSM in Higgs
phase, which was already observed in the 2d-4d coupled system in [35].

Given the observable expression, the vacuum expectation value is com-
puted to be

Zopen = (H"(2))
33,02 Tlgea x5 PE[=Chr (E,)IPE[Chr (TxMo )| Hf™ (2)x

35 A TTes X8 PE[—Chy (Ey)|PE[Chy (TaM k)]
(2.31)

The main assertion of the present work is the conjecture, motivated by
geometric engineering, that the closed, normalized vacuum expectation values
(2.28) and (2.31) are the generating functions (2.18) of refined open BPS invari-
ants of the pair (X, £). Indeed, the five-dimensional partition function encodes
the protected spectrum of closed M2-branes through (2.2), while introducing
the AV Mb5-brane allows M2-branes to end on £ and is therefore expected to
produce the open expansion (2.18) [3,12,14]. The canonical codimension-2 de-
fect provides the corresponding gauge theoretic realization, with open modulus
X =te’ or Z = te'?, depending on its phase and framing f. We compute the
defect expectation values by localization and test the conjecture by showing
that their chamberwise plethystic logarithms have the form required by (2.18)
and yield nonnegative integral multiplicities to the orders studied. See also [17]
for an approach using the defect blowup Eq. [36].

2.3. Quantum Mirror Curves and their solutions

Recall that the moduli space of the AV brane is given by the mirror curve
¥ C (C*)?, parametrized by the continuous modulus te? € C*. From the
perspective of geometric engineering, we proposed that this modulus is iden-
tified with either the Coulomb parameter X or the complexified FI parameter
Z, depending on the toric leg on which the AV brane ends and hence on the
phase of the canonical codimension-two defect theory.

For the canonical surface defect in 4d N' = 2 gauge theory in its Higgs
phase, it is well known that the discrete Higgs vacua form a branched cover-
ing of the moduli space of the complexified FI parameter, which defines the
Seiberg—Witten curve. Equivalently, the chiral ring equation governing local
observables in the coupled 2d-4d system is given by the Seiberg—Witten curve.

In the present work, we consider the uplift to a coupled 3d—5d system. In
this case, the discrete Higgs vacua over the moduli space of the complexified
FI parameter again form the Seiberg-Witten curve of the 5d N/ = 1 gauge
theory [37]. The corresponding 5d Seiberg—Witten curve equation is therefore
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identified with the chiral ring relation among line defects wrapping the circle S!
in the 3d-5d coupled system. In this uplift, the Coulomb and Higgs phases are
treated democratically, differing only in that the defect parameter is identified
with X or with Z giving conjugate parametrization of the same curve X.

This realization of the Seiberg-Witten curve is consistent with our pro-
posal X = te'? or Z = te’, which identifies the continuous modulus of the
mirror curve ¥ with the defect parameter. This follows from the fact that the
mirror curve of X' coincides with the Seiberg—Witten curve of the geometri-
cally engineered 5d N' =1 theory [38,39].

In this subsection, we introduce an additional layer involving the quan-
tization of the mirror curve. We present a g¢-difference equation satisfied by
the vacuum expectation value of the canonical codimension-two defect, which
reduces to the classical mirror curve equation in the limit ¢ — 1. This quan-
tum mirror curve equation makes manifest that the Coulomb parameter X
or the complexified FI parameter Z — depending on the phase of the canon-
ical codimension-two defect — is identified with a parameter of the curve in
a specific polarization, whose conjugate variable is promoted to a g-difference
operator. Crucially, the polarization in which the mirror curve is quantized is
determined by the discrete data of the AV brane, namely the toric edge on
which it ends and the framing f € Z.%

2.3.1. qg-Character. To derive the desired quantum mirror curve equation,
we make use of a distinguished class of codimension-four observables: the gg-
characters [42]. Let us first recall its definition and properties.

In the 5d N' =1 U(n) gauge theory compactified on a circle, there is a
generalized Wilson line defined by

W = Tr Pexp ]{ dt(¢ +iAg) =: Tre?, (2.32)
Sl

where ¢ is the real scalar in the vector multiplet and Ay is the component of the

gauge field along the direction of S'. A distinguished class of codimension-four

defects generalizing this Wilson line is given by

Wy == Trer®, k> 0. (2.33)

The generating function of these codimension-four defects is called the Y-
observable. It is defined by [42]

Y(X) :=exp l— i k)l(ka] . (2.34)
k=1

By supersymmetric localization, the codimension-four observable Wy turns
into an equivariant K-theory class, given by the k-th Adams operation on the

4An alternative prescription for quantization for a class of Calabi—Yau threefold based on
remodeling conjecture (which is already a theorem now) of [40] was provided in [41]. The
open BPS partition function computed there depends on the choice of the base point (X or
Z), much in parallel to the discussion in this section.
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universal bundle at the origin, 1*(S). Thus, the observable expression at the
fixed point A is given by its equivariant Chern character,

V(X)r=PE[-X"'S,]. (2.35)

The gg-characters are defined by certain Laurent polynomials in Y-
observables with arguments shifted by ¢; and g [42]. They may be regarded as
doubly quantized analogues of the ordinary characters of representations: The
two terms associated with different weights are individually meromorphic func-
tions of the spectral parameter, but their expectation values combine so that
the apparent poles cancel. This regularity, often referred to as the gg-character
polynomiality property, encodes the non-perturbative Dyson—Schwinger iden-
tities of the gauge theory. It also provides a quantum deformation of the
Seiberg—Witten spectral curve, with the )-observable playing the role of its
multiplicative spectral coordinate.

In our case of the U(n) gauge theory with f fundamental and f anti-
fundamental hypermultiplets, the fundamental gg-character is

X

I (- 7) I, (1-

Y(X) ’
(2.36)

X(X) = Y(@1g2X) + (~1)"aX Hhes

where we denoted a = []),_, aq. A crucial property of the gg-character is that

its normalized vacuum expectation value,

T(X) = g (2(X))
H{:l 1- % Hzle —- o
- <y(q1q2X) T (—1)rax-mHeesg ( &)(X) (1-%) > ,

(2.37)

is regular in X € C*, due to the compactness of the moduli space of spiked
instantons [42,43]. Namely, T'(X) is a Laurent polynomial in X. By expanding
(2.36) either in X — 0 or X — oo, the coefficients of T'(X) are obtained as
the correlation functions of the codimension-four line operators (2.33). These
coefficients do not admit closed expressions in general, but can be expanded
in series in the gauge coupling q, whose coefficients as rational functions of the
equivariant parameters can be exactly determined up to arbitrary order.

2.3.2. TQ Equations and g-Opers As Quantum Mirror Curves. We give a
derivation of the g¢-difference equation satisfied by the vacuum expectation
value (vev) of the canonical codimension-two defect. For this, it is important
to note that the Y-observable (2.35) is as a ratio of the Q-observables (2.26),

ve0 = 0T (1) et (2.35)

due to their explicit observable expressions [44].
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In the limit ¢o — 1, the local and non-local observables supported on the
R? ,-plane can be arbitrarily separated on the topological Rgz—plane, without
affecting the correlation function. Thus, the correlation functions in (2.37)
factorize into the product of individual vacuum expectation values, yielding a
second-order ¢;-difference equation,

0= [(—qlxv‘ II (1 - qT;() g’* —T(X)
i=1

+ (71)n+nf% (7X)_f X*TL‘FTLle’kCSq H (1 o ﬁ)?) q;DX] <Qf(X)>q2:1
1=1

=D (X, a7 (=207 ) (Qs(X) s
(2.39)

where (Q(X)),,_, denotes the go — 1 limit of the normalized vev at the
vacuum specified by the Coulomb moduli a. We stress that this ¢-difference
equation is derived here in the way that it is valid up to arbitrary order of the
gauge coupling ¢ by construction.

In the classical limit ¢; — 1, the normalized vev behaves as (Q (X))

exp % +--- where W ¢(a; X) is the effective twisted superpotential of the

KK-reduced 2d N = (2,2) defect theory. Here, X is the complex scalar of the

BWf(a;X) .
W is the effec-

tive complexified FI parameter. Parametrized by (X, Z) € (C*)2, the classical
limit of the g;-difference equation (2.39) yields a curve ¥ C (C*)2,

2:0=D(X,Z(-X)]). (2.40)

This is exactly the Seiberg-Witten (SW) curve of the associated 56d N' = 1
gauge theory. In the perspective of the geometric engineering for the toric CY
threefold X, it is also the mirror curve of X at the framing f. In this sense,
the ¢;-difference operator (2.39) we obtained is the ¢; # 1 uplift of the mirror
curve. We call it the quantum mirror curve.

Note that the framing dependence f € Z exclusively appears in the ar-
gument, qlD X(=X)f of the quantum mirror curve. In other words, turning on
f € Z amounts to the transformation

X — X, qPx — ¢Px(—x)7. (2.41)

g2=1 "

effective twisted chiral multiplet. Its dual variable Z =

This is precisely the quantum uplift of the reparametrization of the mirror
curve under the framing transformation of the coordinates. The terminology
for f € Z is justified in this sense. We thus have the schematic correspondences:

Toric CY. X Mirror symmetry  Mirror CY, XV = {u,'u - D (X, Z(—X)f)}
. ’ < . - 7
+ AV A-brane on £ with framing f +B-brane at pt € £ = {D (X, Z(—X)f) =0}
JCompactify M-theory on X lquamum mirror curve
5d N =1 U(n) theory Dx s \f _
with codim-2 defect Quantum SW curve D(X,q; X (-X))Qr(X)=0

(2.42)
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Next, let us turn to the quantum mirror curve arising in the Higgs phase.
Recall that the H-observable is defined as a Fourier transformation (2.30)
of the @Q-observable. Using the ¢;-shift invariance ¢; (aaqlz) = anq} of the
q1-lattice, it is straightforward to show that the ¢i-difference Eq. (2.39) for

<Qf(X)>q2:1 implies
D (o' 7P%. (=47 ") ) (Hy(2)),,, = 0, (2.43)

where (Hy(Z)),,_, is the g2 — 1 limit of the normalized vev at the vacuum
specified by a. By construction, the classical limit g; — 1 of this g;-difference
equation yields the same mirror curve ¥ (2.40). Compared to the previous
(2.39), this is quantum mirror curve associated with the dual polarization.
The quantum uplift of the framing transformation changed accordingly as

qlfl*DZ — qlflfDZ7 7 — Z(—q;liDZ)f. (2.44)

Spanning all framing transformations of both (2.39) and (2.43), we obtain
quantum mirror curve associated with any polarization related to one another
by the SL(2;Z) transformations. We stress the discrete labels of the AV brane
— the toric leg it ends on and the framing f € Z — determines this polarization.

Remark 2.1. The Coulomb branch of the 5d A = 1 gauge theory compactified
on T? is given by the moduli space of multiplicative Higgs bundles on C* (P!
with framings at {0,00} C P!) with ramifications at marked points [45,46].
From this perspective, the g-difference operators (2.39) and (2.43) span an
affine space of g-opers, a holomorphic Lagrangian submanifold in the mod-
uli space of g-connections [22]. The canonical codimension-two defect realizes
a Hecke operator associated with the fundamental coweight, explaining the
notation for the H-observable. In terms of the associated quantum Hitchin
integrable system, the g-difference equation is also identified with the Baxter
TQ equation, where the canonical codimension-two defect gives a QQ-operator,
explaining the notation for the @Q-observable. The two g-opers for @- and
H-observables are related by the Fourier-Mukai transformation between the
moduli spaces of the multiplicative Higgs bundles, under which the rank of
the base Lie algebra and the number of regular marked points get swapped; as
Baxter TQ equations, this transformation realizes the bispectral duality [47]
between the associated integrable models. See [35,48,49] for studies of opers
and A-opers in 4d N = 2 theory context.

Remark 2.2. We remark that the g2 # 1 refinement of the g;-difference Eq.
(2.39), which relates the vacuum expectation value of the Q-observable to its
correlation function with codimension-four observables, is also derived in a
recent work [22]. In terms of the geometry of the mirror XV, this quantum q-
oper equation is therefore a double quantization of the mirror curve 3. It would
be interesting to investigate implications of the quantum g-opers on counting
refined open BPS invariants. See also [36,44,50-52] for related works.

Quantization of elliptic Seiberg—Witten curves in terms of difference equa-
tions and defect partition functions was also studied in [53,54]. These authors
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consider torus-compactified 6d A/ = (1,0) superconformal theories on an -
deformed Rgl X Ri x T? and show that the expectation values of codimension-
two defects wrapping RZ x T provide solutions to the corresponding elliptic
quantum-curve difference equations, similarly to our @ and H-observables, but
they compute these expectation values by summing over elliptic genera of BPS
strings wrapping T2, rather than by localization on instanton moduli spaces
as in our paper.

2.3.3. Wave Functions for General Curves in the Quantum Torus. Generally
speaking, given any algebraic curve in the torus

¥ :={D(X,Z) =0} C (C*)? (2.45)

a difference equation D'(X, ¢ ) (X) = 0 defines a quantization of the curve
if the symbol of the difference operator coincides with the curve

o(D'(X,qP*)) =D(X, 2). (2.46)

Here, o denotes the symbol we get by replacing qlD X = 7.

Of course, there is nothing special about the coordinate X and we could
consider difference equations in the variable Z as well. Alternatively, we can
work in a more coordinate-independent fashion by using an operator formalism
as follows. We consider the g;-Weyl algebra generated by X , Z

q1-Weyl := C[X, Z]/(ZX — 1 X Z) (2.47)

and their representations on a Hilbert space. A quantization of an algebraic
curve (2.45) is then an operator D(X, Z) whose symbol is D(X, Z). As usual
there are ordering ambiguities when writing down the quantum operator and
one has to make a choice. In case of the TQ Eq. (2.39), the choice is made by
the supersymmetric localization procedure as the output is an unambiguous
difference operator with a well-defined ordering.

Let us consider a generic situation: We start with an operator

Do(X, V)= > yunX"Z¥ (2.48)
W, VEL

where only finitely many coefficients +,,,, are nonzero, so that the symbol of the
operator is a Laurent polynomial. The operator acts on a Hilbert space with a
“position basis” {|X)}xecx and a “momentum basis” {|Z))}zecx. They are
eigenvectors of X and Z, respectively:

X|X)=X|X), Z|2)=2|Z). (2.49)

Since the labels are continuous, they are normalized with the Dirac delta func-
tion on C*:

(XIX) = 8(X = X'), (22 =6(Z—7"), /(C AX6(X — X) = 1.
(2.50)
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After a choice of normalization for the operators, the canonical relation (2.47)
implies:®

21X)=q o ' X)), X|Z) = |a2). (2.51)
Let |tpg) be a state annihilated by the operator (2.48):
Dy(X, 2) [t} = 0. (2.52)

By taking inner product of the above with (X| and inserting the resolution of
identity 1 = [dX |X) (X| between Dy and |ty), we get the following difference
equation for ¢y(X) := (X|to)

Do (X, gD o (X) = 0. (2.53)
This difference equation represents the operator Eq. (2.52) in the X-polarization.

To get the representation in the Z—polariza{ciom7 we take the inner product of
(2.52) with ((Z] and insert the resolution 1 = [dZ|Z))(Z| between % and
|tho) to get N

Do(qy =77, Z)tho(2) = 0 (2.54)
where 1o(Z) := ((Z|1ho). Both difference Eqs. (2.53) and (2.54) are equivalent
to the operator Eq. (2.52), expressed in terms of wave functions in different
polarizations.

2.3.4. Defects as Wave Functions and Automorphisms of the Quantum Torus.
Let us introduce two natural automorphisms Adg, Ad; : q1-Weyl = q1-Weyl:

SXS~t =gtz S787 ' =g X (2.55a)

PPN aAp oA A N Fon R
for f,neZ TIXT- =X, R AL st (fX)f"qf (nt1) on
(2.55b)

The operator 1" can be constructed from the more elementary operator X as:
T:=0(X"1q) (2.56)
where 6 is the same g-theta function as in (2.25).
In the classical limit, S and T reduce to coordinate transformations of
the torus. In terms of the log coordinates (%) := (llgg)zf), they correspond to
rotation by —m/2 and shearing up to affine shifts:

() ()0 ),
()= (D03

When D(X, Z) = 0 corresponds to the mirror curve a toric Calabi-Yau X,
we shall depict the curve by the toric diagram of X. This diagram coincides
with the (p, ¢)-brane web whose low-energy dynamics is described by the same

(2.57)

5These normalizations are related to representations of X and Z in the Z and the X-basis, re-
spectively. With these choices, we get: (X|Z|¢) = [dX/(X|Z|X'WX'|¢) = [dX'gy '6(X —
a P XDY(X) = (@ X) = qlew(X) and similarly (Z|X|y) = qfl DZl/)(Z). The choices
are not unique and were made for convenience.
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FIGURE 2. Transformation of a classical curve (corresponding
to the Calabi-Yau C3), represented by a toric diagram in the
real zz-plane, under S and T-transformations according to
(2.57). The colors are only to help identify the same edge
across transformations

5d N' = 1 theory engineered by compactifying M-theory on X. The toric
diagrams/(p, q)-webs are drawn in the real zz-plane and the classical limits of
the S and 7" act as rotation and shearing on these diagrams (Fig. 2).

The operator Do(X, Z) from (2.52) transforms under the automorphisms
(2.55a) and (2.55b) simply by conjugation. We denote them by:

Dy(X,2) = T1Do(X, 2T =Dy (X, 2(-X)7), 255
DI(X,Z) = SDy(X,2)S™" =Dy(q; ' 27, 1 X).

Let us similarly define the transformed states and the corresponding wave
functions:

W) =TT [3ho) , [WF) =S |y),
(X)) = (X)), 7 (X) = (X[yF), (2.59)
Ui(Z) = (Z|y), O3(Z) = (Z]h7).

Then, starting from the annihilation of the original state (2.52) we can derive
the following difference equations by taking inner products with appropriate
states, inserting resolutions of identity, and using the canonical relations:

: Dy(qy 7%, 1 X) 7 (X)

0
2 N (2.60)
Di(ay P2, 20 (2) =0,  Dyla; ' Z7 a7 P7 )05 (2)

0,
0.
Also, note that the operator relations (2.58) imply

Dy(qr ", X) =DF(X,q7%),  Dylar' 27,41 "7) =Dy "7, 2).

(2.61)
Now, comparison with the difference Eqgs. (2.53) and (2.54) for the reference
curve shows that we can group curves, difference equations, and the solutions
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FIGURE 3. A (p,q)-web (black) represents a state for a quan-
tized probe (red) constrained to the corresponding curve in-
side (C*)2. The three subfigures correspond to the states 1),
[¢¢), and W)? ) related by T and S-transformations according
o (2.59). A probe attached to a vertical (resp. horizontal)
edge represents the associated wave function in the X (resp.
Z)-polarization

as follows:
Curve Difference operators Solution
> 5 Do(X,q7) wo( )
oc(Dy(X,Z))=0
( 0( )) Do(qll Dz Z) (Z)
- Dy (X, q7) (X) (2.62)
Di(X,2)) =
0( f( ’ )) 0 Df( —1-Dgz Z) )

f
DS(X @) wg
Py

(
(
Dila "%, 2) il

o(D§(X,2)) =0

In this quantization picture, the algebraic torus (C*)? serves as the phase
space of a point probe and a curve ¥ = {D(X,Z) = 0} defines a subspace
to which the probe is constrained. The state of the probe is captured by a
state ) € ker D(X,Z) Projecting the location of the probe either to the
X-plane or to the Z-plane we can encode the state as a wave function in
either polarization. Starting from a reference curve Dy (X, Z) = 0, we construct
quantizations of transformed curves such as Dy(X, Z) = 0 and DJL?(X7 Z)=0

by conjugating the corresponding operators with T and S as in (2.58), and
simultaneously transforming the states as in (2.59). In terms of (p,q)-web
diagrams, we denote the wave functions by attaching the probe to either the
vertical or the horizontal edges as in Fig. 3. Note in (2.60) that ¢y and w?
are solutions to the same difference equation, up to an inversion and rescaling
of the coordinate, and therefore must coincide up to endomorphisms of the
kernel of the operator. Similarly, the functions 1/’? and 7:/; ¢ are solutions to the
same equation up to a rescaling. Concretely,

V(X)) =97 (@X)7Y),  ¥F(X) =9 X). (2.63)

One of the main proposals of this paper is that by interpreting the probe
as a D3 brane ending on a (p, ¢)-web in type IIB string theory, the associated
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FIGURE 4. The abstract curves, probes, and wave functions
of Fig. (3) realized as concrete (p, q)-web, D3-branes, and ex-
pectation values of codimension-2 defects in type IIB string
theory. The (p, g)-branes engineer 5d A = 1 theories, the D3-
branes (red) create codimension-2 defects therein, and their
expectation values realize the wave functions quantizing the
Seiberg-Witten curves. Expectation values of certain defects
before and after S-duality coincide

wave functions can be computed as expectation values of certain codimension-2
defects in the 5d N = 1 theories corresponding to the (p, ¢)-web. We compute
the expectation values using supersymmetric localization and identify them
as the appropriate wave functions by showing that they satisfy the difference
Egs. (2.60) for the quantum Seiberg—Witten curves. From this perspective,
certain wave functions related by S-transformations being solutions to the
same equation will be naturally tied to S-duality. More specifically, in a 5d
N =1 theory, we defined two codimension-2 defects whose expectation values
are given by Qf(X) (2.26) and Hy(a)(Z) (2.30). Their ¢o — 1 limits are
denoted by Qy(a; X) and Hy(a; Z), respectively. We observe that the TQ
Eq. (2.39) satisfied by Q(a;X) is the same as that of ¢;(X) from (2.60)
and the difference Eq. (2.43) satisfied by H(a; Z) coincides with Jf(X). S-
transformation of the (p,q)-web corresponds to S-duality of type IIB string
theory, which naturally swaps the role of the Q and the H-observable, as
evidenced by the matching difference equations according to (2.60). We depict
this information in diagrams as in Fig. (4).

2.4. Relations to Enumerative Invariants

In this section, we connect our results to the realms of the enumerative in-
variants. Particularly, in the limit ¢ = ¢; ! the closed BPS invariants are re-
lated to the so called Donaldson-Thomas (DT) invariants for the Calabi-Yau
threefold. The refined DT invariants have been understood mathematically
rigorously and they are related to the “motivic DT invariants” of Kontsevich-
Soibelman [55]. The refined Gromov-Witten (GW) invariants are also studied
in the context of refined topological strings [56]. In 2.4.1, we comment on their
origin in details and explain how they appear in our computations in this

paper.
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In contrast to refined open DT and refined open GW invariants, their
unrefined open BPS counterparts are considerably better understood from a
geometric perspective. In Sect. 2.4.2, we review the relationship between un-
refined open DT invariants and open GW invariants. In particular, unrefined
open DT invariants admit a geometric interpretation in terms of exponential
networks [57], which we briefly revisit; see also [58] for a complementary physi-
cal viewpoint. Within our framework, we additionally recall the standard setup
of unrefined open GW invariants, following [59,60].

Having established these connections, we emphasize a key novelty of our
work. Guided by physical considerations, we propose definitions of both refined
open DT invariants and refined open GW invariants. In particular, the refined
open GW invariants are introduced indirectly, via the definition of refined
LMOYV invariants, providing a unified and physically motivated refinement of
the open BPS counting problem.

2.4.1. Closed Gromov—Witten and closed Donaldson-Thomas Invariants. In
this paper, we are interested in local CY threefold and the enumerative invari-
ants associated with them. The Gromov-Witten (GW) invariants arise from
counting stable maps from a Riemann surface X, of genus g to a toric CY
threefold X in the class Ha(X;Z). By “remodeling conjecture” [40] (see [61-
63] for the proof for toric CY threefold/orbifolds), the all-genus open/closed
GW potentials of X are identified with the GW invariants of the mirror curve
of the mirror CY threefold XV6. Physically, the generating function of the GW
invariants is given by topological string partition function.

On the other hand, the Donaldson-Thomas (DT) invariants are defined
as counting of coherent sheaves in the CY threefold X', where the latter are
objects in the bounded derived category D?Coh(X) of coherent sheaves on
X, with a choice of stability data. By mirror symmetry, this problem can
be reformulated in terms of the mirror XV as well. In this context, the DT
invariants correspond to the count of compactly supported stable objects in the
Fukaya category DPFuk(X'). A definition of the DT invariants that suffices for
our purpose was given in [64,65], purely based on the counting of the special
Lagrangian A-branes which are the very objects of DFuk(XV).

In general, for an object E € D?Coh(X) representing a D-brane system,
there is a K-theoretic charge associated with it I'(E) = Ch(E),/Td(X) €
Heven(X; Q); physically, this vector identifies the conserved Ramond-Ramond
(RR) charges of the state. Associated with the K-theory class is a complex
number called the central charge Zp : I' — C, given as Zp = [, e 57/

Ch(FE)4/Td(X) where B + iJ is the complexified Ké&hler form on X. In the
underlying A/ = 2 supersymmetry algebra, the magnitude of this charge de-
termines the mass of the BPS state via Mpps = |Zr|. The stability condition
can be phrased in terms of the phases of these central charges; this condi-
tion dictates whether a composite BPS state exists as a stable bound state or

6These invariants can be computed by Log-topological recursion as defined in [41,63]; how-
ever, it poses some computational technical difficulties for the cases where the mirror curve
is of higher genus.
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decays into constituents (wall-crossing). Consequently, the DT invariants are
labeled by the charges I and count the number of stable BPS states in a given
chamber of the moduli space.

For this section, let us not get into the excruciating details of refined GW
invariants and refined DT invariants, but review them briefly. For the given
coherent sheaf E from above and the Chern character I' = Ch(E), one can
define the moduli space of semi-stable coherent sheaf M. There is a torus
action T' = (C*)? on X which induces an action on Mr. This provides a
weight decomposition on the Ext-complexes that define the DT invariants and
thus one has the refined version of the DT invariants. On the other hand, Eq.
(2.2) re-expresses GW invariants in terms of Gopakumar—Vafa (GV) invariants
[66,67]. The definition of refined GW invariants comes from the definition of
the refined GV invariants. Consider a curve class § € Ho(X;Z), for which one
can define the moduli space Mg, as a proper Deligne-Mumford stack and
we also choose a stability condition. The SU(2);, x SU(2)g action introduced
before in the context of 2-deformation provides the cohomological gradings for
H*(Mg,n) to define the refined GV invariants [68]. Then expanding it in the
form of refined topological string partition function provides the refined GW
invariants. For a class of Calabi—Yau threefold, the refined closed topological
string partition function was computed much earlier using topological vertex
computations in [69] and recently in [63] using topological recursion utilizing
the remodeling conjecture of [40], and subsequently related to GV invariants.

Furthermore, the count of rank-zero DT invariants can be phrased as
the count of D4-D2-DO0 brane bound states for type ITA string theory on CY
threefold X. Lifting this to M-theory, in geometric engineering setup, as was
mentioned before, one can consider M5-branes wrapping a holomorphic cycles
D C X, additionally. Compactifying M-theory on X, in the 5d theory, as before
there are BPS states corresponding to instanton particles, but also there are
monopole strings now. The BPS index of this theory T (X) is then equal to
the rank-zero DT invariants of the CY threefold X'. However, the left-hand side
of Eq. (2.17) corresponds to the 5d BPS states in T4 (X’) which are instanton
particles, whose count corresponds to GV invariants. Based on the geometric
engineering picture, then it is natural to expect that there is a correspondence
between GW and DT invariants. Namely, if for some choice of gauge coupling
parameters, there exists a chamber where the monopole strings are not BPS,
one can expect the counts of GW and DT invariants are the equal [70,71].

Indeed, there is such a remarkable (mathematically rigorous) correspon-
dence which has been much under investigation for several years. There are
two ways to formulate the GW/DT conjecture when X has compact four cy-
cles. One is at the orbifold point where the CY threefold becomes C3 /T, where
' € SL(3,Z) is a discrete subgroup. In this case, one does not have any stable
D4-branes. In the absence of a GW theory, one applies the “crepant resolution
conjecture” [72] to compute the orbifold GW invariants and match them with
the DT invariants. This corresponds to the strong coupling chamber in gauge
theory. But our situation is different and falls into the second type. Equation
(2.9) is valid for small gauge coupling or equivalently the large volume point
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of the Calabi—Yau threefold X', where one does have stable D4-branes. In par-
ticular, for toric Calabi—Yau threefold it has been proven that the invariants
associated with the ideal sheaves of X, equivalently subschemes Z C X', with
one-dimensional support (the DO-D2 bound states) the equality (2.17) to hold.
In fact, strictly speaking, the left-hand side of (2.17) computes GV invariants
and the right-hand side says how it is the same as the count of instanton
particles in TP (X). However, it is known that one can extend the left-hand
side to the partition function of closed BPS states associated with D4-branes
in type ITA setting and the right-hand side can be also extended to include
monopole strings in TP (X) such that the equality continues to hold [57,73~
75]. In this sense, in section §2.1, (2.17) is subsumed in the extended setup
involving Mb-branes wrapping D C X and monopole strings. In small gauge
coupling limit (large volume chamber of X’), one obtains (2.17), establishing
the GW /DT correspondence of MNOP.

2.4.2. Open Gromov—Witten and Open Donaldson—-Thomas Invariants. To de-
fine the open GW invariants, now one considers the moduli space of stable
maps from a Riemann surface 3, ,, of genus g and n marked points to (X, £)
where £ corresponds to the toric Lagrangian that the Aganagic—Vafa M5-brane
wraps. Let the relative homology class of the image be p € Ho(X, L;Z). Each
boundary map 0%, , — L carries a winding number w; € H1(L£;Z). Let us
denote the moduli stack of such stable maps as M, (X, £; 1, w;). The open
GW invariants are then given as integrals over the virtual fundamental class
of the moduli space GWy 1 1w, = f[ﬂg,n(x,ﬁ;u,wi)]vir 1. To reduce clutter we
will drop (X, £) from the index. Once again by remodeling conjecture [40], it
can be shown that they correspond to periods corresponding to certain open
paths on the mirror curve ¥ : FI(X, Z) = 0, where the mirror CY threefold is
given by XV := {F(X,Z) = uwv} € C§ x C} x CZ . These open paths lie in
the relative homology Hy (X, X;7Z), where X is a point on the mirror curve 3
appearing as the mirror dual of the Aganagic—Vafa Lagrangian £ C X. More
precisely, the mirror of the Aganagic—Vafa A-brane £ is a holomorphic B-brane
supported on a complex one-dimensional submanifold in the mirror X'V, whose
open modulus is encoded by a choice of point on the mirror curve ¥ [5,9,76].
The formalization of the period computations was subsequently done through
the aforementioned “remodeling conjecture” in [40].

Let us now define the “exponential networks” as in [57,77] which is a
setup that enables us to compute open BPS indices. Then from the jump of
the open BPS invariants, one can compute the closed BPS invariants via 3d—
5d wall-crossing formula. In what follows, without going into the details of
the construction, we just provide an explanation of how open DT invariants
are encoded by them. However, to relate to open GW invariants, one needs a
specialization as was also discussed in [78,79]. After the brief review, we discuss
this relation between open DT and open GW invariants. We also remark on
the consistency of results of this paper and from exponential networks.

To define these networks, we need to use a covering map over the C%-

plane as PN N C%. Denoting the sheets of 7 by the logarithmic label
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N € Z and sheets of m by roman letters i, j, ..., one can define the lattice of
relative homology [57] as
Lijn(X) = Hi(X,(i,N), (4, N +n);Z) (2.64)

and also a central charge associated with it obtained by integrating the one
form A =log Z dlog X over a given one chain.

Let us define &-wall as, for an ordered pair (ij,n), the interpolation
between two preimages of X € C¥%, namely, (X,logZ;(X) + 2miN) and
(X,log Zj(z) + 2mi(N + n)) for n € Z. Working on the C%-plane, this is
achieved by paths crossing branch cuts and logarithmic cuts which were cho-
sen while fixing trivialization. The shape of the wall is given the solution to
the differential equation

dlog X(1) .
(log Z;(X) — log Z:(X) + 27rin)OgT() € R, (2.65)

where t is a proper time along the path and for every 9 there exists an expo-
nential network W(49).

The E-walls also carry certain combinatorial data. The paths in relative
homology a € ¥ connect one preimage of X € C% labeled by (i, N) with an-
other preimage (j, N +mn). We refer to them as soliton path. We also introduce
the union of all such charge lattices for different solitons supported on the
same wall as I';; ,(X) = Hyezl'sj v N+n(X). The soliton data are an assign-
ment v(a; X) for each a € T';;,(X). (Often we will drop the second argument
X))

Denote by V® the abelian flat GL(1) connection on ¥ and V" the
nonabelian GL(N) flat connection on C%. For an open path p € C¥%, associate
the parallel transport map

F(p) = Pexp/ vne (2.66)

and for open paths a € X, the parallel transport
X, = PeXp/Vab. (2.67)

There is a natural algebra of concatenation on the variables X,, and one
can express F(p) in terms of X, using detour rules [57,80]. Flatness of V@
implies F'(p) depends only on the homotopy class of . This can be leveraged
to uniquely fix the data {v(a)}.”

Now, we come to an important issue. Given a ¢-difference equation, one
can write a formal asymptotic in & solution to it. Then the v(a) computed
above corresponds to the O(A~!) term in that series. Given a difference equa-
tion, using the WKB ansatz, with the data of v(a), one can write the formal

7This is one of the steps to construct the nonabelianization map in [57,80,81]. The second
step to determine the 5d indices correspond to computing jumps in this map, corresponding
to topology change of the network. An alternative viewpoint to that count was presented
in [64,65,77,81]. This computation has in fact origin in the CFIV index and tt* geometry
[82-84], as was explained for 3d-5d case in [57].
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solution to the associated Riccati Eq. [85] to all order in A. Then, the pack-
age of resurgence is expected to provide in each angular sector defined by the
complement of W(1}) an analytic and convergent solution. Some aspects of this
were studied using WKB method in [85], and from alternative perspective of
topological recursion in [41]. In this paper, we do not really study the details of
the analytic continuation (in gauge coupling) of the solutions of the difference
equations in details and we leave this important analysis for future work.

As was described in [78,79], the vortex BPS states, however, correspond
to the (ii,n)-type solitons. These are some particular specialization of the
solitons of type (ij,n) where ¢ = j and were discussed in [57]. Their count-
ing through nonabelianization techniques have been investigated and it was
shown to match with the (2.18) at the leading order in 7, and moreover, they
correspond to the open BPS indices. In [78], this match with the K-theoretic
vortex partition function was checked explicitly. Also in cases where the cov-
ering ¥ 5 C% is one-sheeted, there are only (i, n)-type kinky vortices. These
were considered in [15,16], and the matches with exponential networks were
established.

Crossing each of the £-wall in W(¥) one passes from one angular sector
to another and the solutions are related by Stokes jump [15,86,87]. The open
DT invariants are associated with these jumps. In our framework, motivated
by gauge theory, we are computing the open DT invariants in the large volume
point for the associated mirror to the toric CY threefold. We can of course turn
on the refinement, and we report the invariants for some geometries later.

Coming back to the relation of open DT invariants and open GW invari-
ants, as we had mentioned, only (ii, n)-type solitons can be related to open
GW invariants. The kinky vortices are field configurations in S x R2. Denoting
the two directions by R, +, for a general kinky vortex (ij,n), ¢ and j corre-
spond to two different vacua (as the fields approach vacuum configurations
along S* x R; when z — +o0o) which they interpolate. From the M-theory
picture, these two configurations correspond to two A-branes with the same
Lagrangian £ but with different line bundles. On the mirror curve, they corre-
spond to two different points, when projected down, in general corresponding
to two different sheets, labeled by 4, j [9,57,88].

These kinky vortices are expected to coincide with standard vortices in
R3 when the radius of the circle becomes large. In this case, there is only one
boundary condition which corresponds to sheet ¢ and the winding number n
is the flux. Together they correspond to (i%, n)-type soliton [57,78]. In [78,79],
the two cases corresponding to C? and resolved conifold were considered. They
match with our results in the following sections. In particular, from the parti-
tion function (2.18), one can read off the LMOV invariants following standard
procedures. After re-expressing these LMOV invariants in terms of open GW
invariants, one can match them with v({i7,n}). In the following section, for
examples, we produce (2.18), leading to the matching of our computations
with that of [78,79].



S. Banerjee et al. Ann. Henri Poincaré

3. Refined Open BPS Invariants from 3d-5d Partition
Functions

In this section, we apply our method of computing refined open BPS invariants
from partition functions of 3d-5d coupled systems at several examples: C?,

resolved conifold Tot(O(—1)%? — P1); resolved A;-singularity C x C2/Zy =
Tot(O @ O(—2) — P'), local P! x P!, and finally local F}.

At the level of partition functions, our C3, resolved conifold, and resolved
Aj results match with refined topological vertex and strip geometry compu-
tations [13,14] after matching the brane type, framing, and Kéhler chamber.
Related local Fj amplitudes were obtained in [89], while [18] treats partially
compactified, mass deformed conifold and local Fj geometries that reduce to
ours in appropriate limits. SL(2, Z) transformations of codimension-2 partition
functions and their NS-limit quantum curves were also studied using localiza-
tion and blowup in [17,22]. Our chamber-by-chamber tables extend the refined
open BPS data previously available for these geometries. In particular, we are
unaware of any previous explicit computation of the refined open BPS invari-
ants for local F;. The same is true of the generic-(q1,¢2) duality identities
relating the Q- and H-observables.

3.1. C8

Let us begin with the simplest example, X = C3. Its toric diagram, in a
chosen SL(2;Z) frame, is drawn as in Figure 5a. Its dual graph, after 90°
counterclockwise rotation, yields the (p, ¢)-web comprising a trivalent junction
of an NS5-brane, a D5-brane, and an (1,1)-brane as depicted in Figure 5b.
Since H3(C3;Z) = 0, there is no closed BPS invariant associated with M2-
branes wrapping closed 2-cycles. Correspondingly, there is no nontrivial 5d
effective theory realized by the (p, ¢)-web regardless of the SL(2;Z) frame.

3.1.1. 3d U(1) Gauge Theory With One Chiral Multiplet. Now, we introduce
an Aganagic—Vafa brane. Depending on which toric leg it ends on, there are
three possible choices. In the type IIB description with the (p,q)-web, the
D3-brane terminates on the corresponding fivebrane segment. There are three
cases described in Figures 5b (f = 0) and 6b (f = —1). The cases (I) and (II)
give Q-observables, while the case (III) gives rise to an H-observable.

Let us first consider the QQ-observable at framing f € Z. Due to the
open string stretched between the D3-brane and the D5-brane, the low-energy
effective field theory is 3d A/ = 2 theory of a free chiral multiplet with the
background gauge field for the U(1) flavor symmetry with the Chern—Simons
level — f. Then, the partition function for configuration (I) is simply given by

-1

Q(X) = 0(X "1 41)! PE [— X

] e e @)

It is immediate that it is a solution to the following ¢;-difference equation,

0= [ X!+ (—arX) gl = 1] @ (X), (3:2)
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FIGURE 5. a Toric diagram of C3 at framing f = 0 and its
graph-dual; b (p, q)-web of fivebranes dual to C* and D3-
branes dual to Aganagic—Vafa branes. The cases (I) and (II)
give rise to a @Q-observable, while the case (III) engineers an
H-observable
In the limit g; — 1, the partition function can be expanded as
Wi (X)
X)=exp ——— 3.3
Q) = exp L (3:3)

where VVf(X ) is the effective twisted superpotential of the KK-reduced 2d
N = (2,2) effective theory. In this limit, the ¢;-difference TQ equation reduces
to

0=X"'+(-X)'7Z-1, (3.4)

oW (X)
Olog X
the mirror curve for C3?, i.e., the Newton polynomial equation determined by
the toric diagram of C3. (See Figure 5a for the case of f = 0.) Thus, the
¢1-difference operator (3.2) annihilating @ ¢(X) is indeed the quantum mirror
curve for C3.

Note that when f € {-1,0}, Q¢(X) is simply given by a single ¢-
Pochhammer symbol,

where Z = is the effective complexified FI parameter. This is precisely

Qo(X) = (X q1)oe, Q1(X) = (01 X;q1) - (3.5)

Next, let us consider the H-observable at framing f € 7Z corresponding
to the case (III). The 3d N = 2 theory is the U(1) gauge theory with a chiral
multiplet of charge +1. The bare Chern—Simons level is given by the framing f.
With the complexified FI parameter Z € C*, the partition function on R? x St
is given by the g;-lattice summation (2.30) of Qo(X), which specializes in this
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FIGURE 6. a Toric diagram of C? at framing f = —1 and

its graph-dual; b (p, ¢)-web of fivebranes and D3-branes dual
to Aganagic—Vafa branes. The cases (I) and (II) give a Q-
observable, while the case (III) provides an H-observable

case as
s
(X 5aq1) log X log (Z(_l)f(Xq1 1)2>
=2 raa | oz
XEq% ’ o (36)
oo
1 —nndd) ¢ n
= —q 2 -1 fZ )
T;) (q1591)n ! (( : )

where the summation truncates from above due to the zeros at X = ¢"*!,

m > 0. This is indeed the K-theoretic vortex partition function of the 3d
N = 2 gauge theory at hand.

As derived in (2.43), the quantum mirror curve equation satisfied by
Qo(X) directly yields a Fourier-dual quantum mirror curve equation solved by
H(Z). In the current example, it reads

0= {qu +Z (—q;HJZ)f - 1} Hi(Z). (3.7)

It is in fact straightforward to see the K-theoretic vortex partition function
(3.6) satisfies this equation. In the limit ¢; — 1, this quantum mirror curve
equation reduces to the mirror curve (3.4) for X = C3 by construction, with

X =— 83\17 cfg(? identified with the effective complex scalar in the twisted chiral
multiplet.

Note that, when f € {—1,0}, the partition function H;(Z) simplifies into
a single g-Pochhammer symbol. Namely,

H(Z)= (01 Z;q1) 00, Ho(Z)= (Z;q1) (3.8)

3.1.2. Mapping Aganagic—Vafa Branes by S-Transformation. For C3, the two
framings f = 0 and f = —1 are special since they map to each other by an
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S-transformation of SL(2;Z). When an Aganagic—Vafa brane is introduced,
the S-transformation maps it to another AV brane which ends on a different
toric leg. Thus, the S-transformation should exchange the ) and H generating
functions of the refined open BPS invariants. Indeed, there is obvious matching
between them,

I _ _ 111 111 11
Px=qtz)y=8""2), H"™Z=Xq)=0"(X). 39

which confirms the proposed exchange of the Aganagic—Vafa branes under the
action of the S-transformation (c.f. Fig. 4).

3.2. Resolved Conifold

Let us consider the example of the resolved conifold, X = Tot (O(—1)%2 — P').
When drawing the toric diagram, we begin from the two SL(2; Z) frames drawn
in Figure 7 and Figure 8, related to each other by an S-transformation, and
apply T-transformations to each to span all possible frames. Recall that the
T-transformation only shears the toric diagram horizontally, so that in the
(p, ¢)-web of fivebranes the D5-branes are left invariant.

3.2.1. 3d U(1) Gauge Theory with Two Chiral Multiplets. First, we begin
with the toric diagram in Figure 7 and its T-transformations. The 5d N' =1
theory engineered by the (p,g)-web is single free hypermultiplet theory, ob-
tained by spectrum of the D5-D5 open string across the NS5-brane. Some
partial results on the open BPS states partition function exist in [90-92]. The
refined closed BPS invariants are encoded in its partition function, computed
simply in 1-loop as

Zetosed(m; q1,¢2) = PE {(1_(11)”21_%)} = ﬁ (1 - mQ§Q%>_1v (3.10)

where m € C* is the mass of the hypermultiplet.® The Kihler modulus asso-
ciated with the generator of Ho(X;Z) is identified with this mass.

4,j=0

Now, we insert an Aganagic—Vafa brane and study its refined open BPS
invariants. As we gave a general description in Sect. 2.2.2, there are two kinds
in terms of the fivebrane segment that the D3-brane ends on. Namely, the Q-
observable is realized by a D3-brane ending on NS5-brane or (1,1)-brane (the
case (I) in Figure 7), while the H-observable is realized by a D3-brane ending
on D5-brane (the case (II) in Figure 7).

The 3d N' = 2 U(1) gauge theory realized on the worldvolume of the D3-
brane contain two chiral multiplets, one with charge +1 and the other with
charge —1, from the spectra of D3-D5 open strings. Since the 5d theory is a

8The generating series of the refined Gopakumar—Vafa (GV) invariants [93,94] was com-
puted and the factorized form has positive exponents. This is because their convention and
ours differ by the domain of g2, where for us, it is small in contrast to theirs being large.
We also remark that we could have chosen any value of g2. However, for computation, we
choose small gz throughout this paper. To match with these invariants computed in the
standard references [95], we absorb additional sign in the exponent. So in this case, for the
corresponding toric geometry, for 3 = [CP'] and j;, = jg =0, N(?,O = 1, and zero otherwise.
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FIGURE 7. a Toric diagram of resolved conifold at fram-
ing f = 0 with a chosen crepant resolution, and its graph-
dual; b The corresponding (p, q)-web of fivebranes and D3-
branes dual to Aganagic—Vafa branes. The case (I) gives a
Q-observable, while the case (II) gives an H-observable

free theory in the present case, this 3d theory does not couple to the 5d theory
and the refined open BPS invariants are given purely by the 3d N’ = 2 par-
tition functions. The @-observable is obtained by turning on a generic value
of the complex scalar X in the twisted chiral multiplet, with the complexi-
fied FI parameter turned off. The H-observable is obtained by turning on the
complexified FI parameter Z, at two special values of the complex scalar. In
either case, X or Z is identified with the Kahler modulus z associated with
the relative cycle in Hy(X, L;Z).

For the Q-observable, the partition function does not receive any contri-
bution from non-perturbative field configurations, just as in the case of C3.
From the two chiral multiplets with opposite U(1) charges, we get

Qr(X) =0(X""q1) (X5 01) oo (M1 X 1) oo (3.11)

We identify X with the Kéhler modulus associated with the relative cycle in
Hy(X,L;Z). The partition function gives the generating function of refined
open BPS invariants. Note that this partition function is a product of finite
number of ¢g-Pochhammer symbols in any framing f € Z. Thus, there are only
finite nonzero refined open BPS invariants.

Using the property of the g-Pochhammer symbol, it is straightforward to
write that the quantum mirror curve equation satisfied by Q7(X),

0= |(—aX) (1 —maX)g’> + ¢ X1 — 1] Q4(X). (3.12)

In the limit ¢; — 1, we recover the mirror curve of the resolved conifold

0=(1-mX)(-X)/Z+Xx71-1, (3.13)
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which, at f = 0, is indeed the Newton polynomial equation for the toric dia-
gram in Figure 7. The other cases with f # 0 are obtained by the action of Tf.

Next, we turn to the other kind of Aganagic-Vafa brane which produces
a H-observable. The 3d N' = 2 gauge theory transits into the Higgs phase by
turning on the complexified FI parameter Z, at a special value of the complex
scalar in the twisted chiral multiplet. The partition function localizes onto the
vortex configurations, yielding the K-theoretic vortex partition,

log X log (2(~1)/ (X )¥)
log 1

Hy(Z) = Z (Q1X_1;(J1)Oo(mX;q1)oo exp | —
Xegt

~ (M7 ¢ — L n(n—1)—fn F1 —1\"
— (i) 3 D Z(-1 .
( ql) 0 (QI;Q1)7L 4 ( ( ) N )
(3.14)

The partition function is a series expanded in |Z] < 1, with coefficients given
by exact rational functions in m. Further expanding it in a given chamber,
we identify it with the generating function of refined open BPS invariants
there. We present the refined open BPS invariants at f = 0 in the chamber
|Z] < |m| < 1 obtained in this way in Appendix A.1.

The quantum mirror curve Eq. (3.12) satisfied by Qo (X) directly implies
the quantum mirror curve equation satisfied by H(Z), given by

0= [Z (1 - mq;I*DZ) (—qflfDZ)f tgP7 1} H(2). (3.15)

The limit ¢; — 1 yields the same mirror curve (3.13) of the resolved conifold
by construction.

Remark 3.1. At a special choice of the framing f = —1, the partition func-
tion (3.14) simplifies to a product of g-Pochhammer symbols, Hy=_1(Z) =
(m;q1)oe(MmZ;q1) (@1 Z;¢1)0o- The refined open BPS invariants are easily
read off in this case, with only finite number of them being nonzero. This
is not the case for general framing f € Z.

3.2.2. 3d U(1) Gauge Theory With One Chiral Multiplet Coupled to 5d Pure
U(1) Gauge Theory. In another SL(2;Z) frame drawn in Figure 8, the (p, q)-
web of fivebranes contains a finite D5-brane segment, suspended between NS5-
branes and (1, 1)-branes. The 5d N/ =1 theory engineered on this web is the
pure U(1) gauge theory with zero Chern—Simons level. The refined closed BPS
invariants are encoded in its partition function. As explained in (2.15) for
general case, the partition function is computed as the generating function
of the equivariant Euler characteristics of the Hilbert scheme Hilb*! (C?) of k
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FIGURE 8. a Toric diagram of resolved conifold at framing
f = —1 and a chosen crepant resolution, and its dual graph.
b The corresponding (p, g)-web with D3-branes dual to AV
branes. The case (I') gives an H-observable, while the case
(IT) gives a Q-observable

points on C2?,

Zelosed (15 ¢2) = Z qa“xt (Hﬂb[k] ((CQ))

k=0

— S qPlPE [ChT (T,\Hilb[k] (Cz))} (3.16)
()

- ﬁ (1—qqi“fé”)_l~
i,j=0

The last equality is combinatorially proven in [96]. We identify the gauge cou-
pling q with the Kéhler modulus associated with the generator of Hy(X;Z).
Note that there is precise match between (3.10) and (3.16), under the iden-
tification of parameters m = qqiq2, as required by the independence of the
refined closed BPS invariants on the S-transformation.

Now, we introduce an Aganagic—Vafa brane and study its refined open
BPS invariants. As we discussed in general setup, the two kinds of codimension-
two defects in the 5d theory arise from the AV brane. The Q-observable is
engineered by a D3-brane ending on NS5-brane or (1,1)-brane (the case (II’)
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in Figure 8), while the H-observable is created by a D3-brane ending on the
D5-brane segment (the case (I’) in Figure 8).

On the worldvolume of the D3-brane, the 3d A/ = 2 U(1) gauge the-
ory with a chiral multiplet with charge +1 is realized. This theory couples
to the 5d /' = 1 pure U(1) gauge theory, yielding a codimension-two defect.
The Q-observable is the defect observable for which the complex scalar X is
turned on with complexified FI parameter turned off. The H-observable is the
defect observable for which the complexified FI parameter Z is turned on at
a special value of the complex scalar. In either case, the defect parameter X
or Z is identified with the Kéhler modulus for the relative cycle in Ho (X, £;Z).

The expression of the QQ-observable is written as

X8
Qf(X)x =0(X""q1)'PE {1_(1;]
1\ (3.17)
=0(X hq1) (X_lqll()\); QI>OO 11 (1 - X_chi_quAi)
=1

whose normalized vacuum expectation value is computed by
> (ay aPPE [Chr (T3HiI™ (€2))] Q4(X),

>y ANPE [ChT (TAHilb[k] ((C2))]
(3.18)

The vev is expanded in |q| < 1, since we are working in the large radius/weak
5d gauge coupling limit, where the series coefficients are exact rational func-
tions in X. Further expanding it in a given chamber, we identify the partition
function with the generating function of refined open BPS invariants there. At
f = —1, we present the resulting refined open BPS invariants in the chamber
|X| < 1in Appendix A.1.

In the limit g5 — 1, this generating function solves the quantum mirror
curve equation, as explained in (2.39) for general case. In the present case,
where the gauge group is U(1), the only independent codimension-four ob-
servable is the basic one Wj, whose vacuum expectation value is simply the
Coulomb parameter which we normalize to 1. In turn, the coefficients of the
qq-character (2.37) can be expressed in a closed form as

T(X)=1-q¢ '¢;' X" (3.19)

With this, the quantum mirror curve Eq. (2.39) thus specializes in this case to

0=[(arX) aP™ =1+ X"+ (=X ) gy P Qs (X)), »

Zopen(d, X5 q1,92) = (Qr (X))

(3.20)

In the limit ¢; — 1, we recover the mirror curve of the resolved conifold,
0=(-X)Z-14+X14(—x"Htlqz"1 (3.21)
At f = —1 in particular, we obtain the Newton polynomial equation associ-

ated with the toric diagram in Figure 8. All the other cases with f # —1 can
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be obtained by applying T-transformations.

The H-observable, on the other hand, is obtained by turning on the
complexified FI parameter. Its observable expression (2.30) is obtained by

log X log (2(~1)/ (X )#)

Hy(Z)x= ) oxp |- Qo(Xq ")

Xed log 1
I (1 nFimlN) A
B i [L5 (1 a0 92 )qg(nz(A))(nl(A)H) (Z(_l)f)"—lO\)
— ) )

(C]1; (11)n

n=0

(3.22)

In the decoupling limit of the 5d gauge theory, ¢ — 0, the only nonvanish-
ing contribution arises from A\ = &, and the H-observable reduces to the K-
theoretic vortex partition function (3.6) of the 3d A/ = 2 gauge theory. From
the geometry of the resolved conifold, this limit corresponds to degenerating
the resolved conifold to C3. When the 5d gauge coupling is turned on, q # 0,
note that the vortex number is bounded below by —k, where k& > 0 is the
bulk instanton number, instead of 0. Namely, the 3d—5d coupling allows not
only vortex configurations but also anti-vortex configurations in sectors with
nonzero bulk instanton number. Integrating out the 3d degrees of freedom at
a fixed instanton configuration then yields the H-observable obtained above.

The refined open BPS invariants are extracted from its vacuum expecta-
tion value,

Ty aipE [ChT (TAHilbW ((‘c?))} Hy(X)»

Z() en q7 Z? Z E h /l 1

Here, q is still identified with the Kéhler modulus for the generator of Ha(X; Z),
while Z is the one for the relative cycle in Ho (X, £;Z). The vev is convergent
in the domain |q| < |Z| < 1, which gives the K&hler moduli chamber that the
refined open BPS invariants are computed in.

The quantum mirror curve equation satisfied by the go — 1 limit of this
vev follows immediately as

0= [(~ar”*) Z =1+ aP% +a(—al*P7)/ 127 (1 (2)) (3.24)

q2=1"

The ¢; — 1 limit yields the mirror curve (3.21) of the resolved conifold by
construction.

3.2.3. Mapping Aganagic—Vafa Branes by S-Transformation. The two toric
diagrams shown in Figures 7 and 8 are related by an S-transformation. Ac-
cordingly, the Aganagic—Vafa branes defined in the two setups are expected to
map to each other under the same S-transformation, and the corresponding
@- and H-generating functions of refined open BPS invariants should match.
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Indeed, we confirm the following matching at expansion in Ké&hler pa-
rameters:

QW (m, X q1,42) = <H}3:2_31)> (a=mg e 2 = (X)) a,0),
(3.25)

in the Kihler moduli chamber |m| < | X! < 1, and

H Y (m, Za1,q2) = <Q§c3:'12> (a=mg ‘e, X = Zm™'q; Y01, q2)
(3.26)

in the Kéhler moduli chamber |Z| < |m| < 1. The matching of the two expres-
sions involves nontrivial combinatorial identities, which can be verified order
by order in series expansions. Note that the left-hand sides in fact do not de-
pend on ¢o, and correspondingly the go-dependence of the right-hand sides is
entirely absorbed into the Kéahler parameters. This nontrivial agreement pro-
vides a strong support for our main claim that the 3d-5d partition function
furnishes the generating function of refined open BPS invariants.

Note that the left-hand side of (3.26) is a series in Z whose coefficients are
exact rational functions in m, while the right-hand side is defined as a series in
q = mq; ‘g5 * whose coefficients are exact rational functions in X = Zm !¢y !
Thus, the equality realized in the chamber |Z| < |m| < 1 provides the analytic
continuation of the generating function to other chambers.

3.3. Resolved A;-Singularity

The resolved A;-singularity, X = Tot(O® O(—2) — P!), admits toric diagram
drawn in Figures 9 and 10. Similar to the resolved conifold case, we begin with
the two SL(2;Z) frames drawn in the two figures, related to each other by
an S-transformation, and apply T-transformations to each to span all possible
frames.

3.3.1. 3d U(1) Gauge Theory with Two Chiral Multiplets. In the SL(2;Z)
frame drawn in Figure 9, the 5d N' = 1 theory engineered on the (p, q)-web
of fivebranes is just a W-boson of a decoupled gauge multiplet. The partition
function, encoding the refined closed BPS invariants, is simply given by the
1-loop contribution

o0
m o
Z m;qi, =PE|l-——— | = Il (l—mZ J), 3.27
closed( q1 q2) (1 (h)(l q2):| e 919> ( )

where m € C* is the mass of the W-boson. The Kéahler modulus associated
with the generator of Hy(X';Z) is identified with this mass.

Now, we insert an Aganagic—Vafa brane and study the refined open BPS
invariants associated with it. The worldvolume theory realized on the single
D3-brane is the 3d /' = 2 U(1) gauge theory with two chiral multiplets, both
carrying charge +1. Since the 5d theory is free, the 3d N/ = 2 partition func-
tion itself provides the generating function of the refined open BPS invariants
in this case. As before, we have the @Q-observable from a D3-brane ending on



S. Banerjee et al. Ann. Henri Poincaré

(a) (b)

FIGURE 9. a Toric diagram of resolved A;-singularity at f =
—1 with a chosen crepant resolution, and its dual graph. b The
corresponding (p, g¢)-web D3-branes dual to AV branes. The
case (I) provides a Q-observable, and the case (II) provides
an H-observable

NS5-brane, (1,1)-brane, or (1, —1)-brane (the case (I) in Figure 9); while the
H-observable from a D3-brane ending on D5-brane (the case (II) in Figure
9). The Kéhler modulus associated with the relative cycle in Hy(X, L;7Z) is
identified with X or Z, respectively.

The Q-observable is given by
Qs (X) = 0(X a0 L (X5 q1) oo (MX ™Y 1) oo (3.28)
In any framing f € Z, this is a product of finite number of g-Pochhammer
symbols. Thus, there are only finite number of nonzero refined open BPS

invariants.
The quantum mirror curve equation satisfied by Q7(X) is simply

0=[(-arX)aP™ — 1+ (1 +m)X " = g7 mX 2| Q(X).  (3.20)

In the limit ¢; — 1, this reduces to the mirror curve of the resolved A;-
singularity,

0=(-X)Z-1+1+mX ' —mx2 (3.30)
Indeed, at f = —1, it is the Newton polynomial equation for the toric dia-

gram in Figure 9. The other cases with f # —1 are simply obtained by the
T-transformations.
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The H-observable can be obtained by a ¢;-lattice summation (2.30) of
Qo(X). It is computed as

log X log (Z(~1)/ (X7 ")*)

H;(Z) = - Xq;t
1(Z)=">" exp s Qo(Xqr ")
Xear (3.31)
o —in(n+1) £\™
q ° (Z(_l) )
(ma; @) ; (15 1)n (M1 q1)n

Here, m is still identified with the K&hler modulus for the generator of Hy(X'; Z),
while Z is the new Kéhler modulus for the relative cycle in Ha(X, L;Z). The
partition function is defined in |Z| < 1 by construction, with the coefficients
given as exact rational functions in m. By further expanding it in a given
chamber, we obtain the generating function of refined open BPS invariants
there. We present the refined open BPS invariants at f = —1 in the chamber
|m| < 1in Appendix A.2.

The quantum mirror curve equation satisfied by Hy(Z) follows from
(3.29) and (3.31) as

0=[(=arP")Z =1+ U+ m)al” —mg?P%| Hy(2).  (332)
In the limit ¢; — 1, this reduces to the mirror curve (3.30) by construction.

3.3.2. 3d U(1) Gauge Theory With One Chiral Multiplet Coupled to 5d Pure
U(1) Gauge Theory with kcs = —1. Next, we consider the SL(2;Z) frame
drawn in Figure 10 and its T-transformations. The 5d A/ = 1 gauge theory
engineered by the (p, ¢)-web is the pure U(1) gauge theory with bare Chern—
Simons level kcg = —1.9 The partition function specializes in this case to the
generating function of the equivariant Euler characteristics of L™ = (det K )71
over Hilb!*)(C2),

(o]
Zotosed (a3 q1,42) = Y q*xr(HiDH(C?); L7
k=0

=Y <H xﬁ) PE [Chr (BHIDM(C?)]  (3.33)
{1} Oex
=11 (1+aai™@™),
3,j=0

where the last equality was proven in [97]. The Kéhler parameter associated
with the generator of Ho(X;Z) is identified with the gauge coupling g. Note
that the partition function precisely agrees with (3.27), given the identification
of parameters m = —qq1g2. Such an agreement is expected from the indepen-
dence of the refined closed BPS invariants on the S-transformation.

9We may equivalently take kcg = +1, which is related with our case kcg = —1 by a
T-transformation and a flip.
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FI1GURE 10. a Toric diagram of resolved A;-singularity at f =
—1 with a chosen crepant resolution, and its graph-dual. b The
corresponding (p, ¢)-web with D3-branes dual to AV branes.
The case (I) corresponds to an H-observable, while the case
(IT’) gives a @-observable

Now, let us insert an Aganagic—Vafa brane. A single D3-brane ending on
the (p, q)-web of fivebranes gives rise to 3d N/ = 2 U(1) gauge theory with one
chiral multiplet with charge +1. This theory couples to the 5d A/ = 1 U(1)
gauge theory with kcg = —1 by gauging the 3d U(1) flavor symmetry by the 5d
gauge field restricted to the locus of the 3d theory. We obtain a QQ-observable
by turning on the complex scalar X in the twisted chiral multiplet (the case
(IT’) in Figure 10), or a H-observable by turning on the complexified FI pa-
rameter Z (the case (I’) in Figure 10). These defect parameters are identified
with the Kéhler modulus for the relative cycle in Ho (X, £;Z).

The Q-observable attains exactly the same expression with (3.17) for the
resolved conifold. Namely, we have

X—ls]
1-—q

Qf(X) =0(X""q1) PE {_
1) (3.34)
=0(X"Yq)! (X’lqllm;ql)oo 11 (1 - X’l(ﬁ_lq?i) :
=1

The only difference is that the 5d N/ = 1 U(1) gauge theory now gains the
bare CS level kcs = —1, modifying the vacuum expectation value by

Zopen(an§ q1, Q2) = <Qf(X)>
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Yy @ (Toea xg') PE [Chr (THILH(C2)) | @4(X)5
Sy (MToexs') PE [ChT (TAHﬂb[’“] ((CQ))}

The vev is defined as a series in the gauge coupling in |q| < 1 by construction.
Each coefficient is an exact rational function in X. Further expanding it in a
given chamber, we obtain the generating function of refined open BPS invari-
ants. We present the so-obtained refined open BPS invariants at f = —1 in
the chamber | X| < 1 in Appendix A.2.

The gg-character can be computed to be

T(X)=1+(qg—q;'¢z") X" (3.36)

(3.35)

Thus, the quantum mirror curve Eq. (2.39) specializes in this case to
0= [(~aX) P =1 (a—ar") X7 = a(=X) 27 X[ (Qs (X))
(3.37)

which reduces to the mirror curve of the resolved A; singularity in the limit
q — 17

0=(-X)Z-1-(q-1DX ' —q(-X) /2271 (3.38)

At f = —1, this indeed recovers the Newton polynomial equation associated
with the toric diagram in Figure 10. All the other f # —1 can be obtained by
taking the transformation by T'/.

Next, let us turn to the H-observable. Its expression is again obtained by
a gi-lattice summation of Qy(X) as

log X log (2(~1)/ (X7 ")#)

Z)\ = g exp ] Qo(Xqi)a
P’ 0g q1
€qy
()\) (1 B 7L+L l(/\)qg\ ) ;
—L(n=lN\)(n—=Il(N\)+1 n—Il(X\
_Z OOV (g qyy i)

Q1; (J1)n
(3.39)

which is the same with the one for the resolved conifold. The only difference
is that the effect of the kcg = 1 when taking the vacuum expectation value,

Zopen(d: Z3q1,42) = (Hy(Z))
S (Moer xo) PE [Chr (TaHibH(©2)) | 1y (2),
>y d (ITgex xo) PE {ChT (TAHﬂb[k] (C2))]

This vev is a double series expanded in the domain |q| < |Z] < 1. It is identified
with the generating function of refined open BPS invariants in the correspond-
ing chamber.

(3.40)
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The quantum mirror curve equation satisfied by H;(Z) is straightfor-
ward,

0= [(—qIDZ)fZ —1—(qq1 — 1)g1’% — q(—ql_l_DZ)’f”Z’l} (H(Z))gy=1-
(3.41)

In the limit ¢g; — 1, this reduces to the same mirror curve (3.38) by construc-
tion.

3.3.3. Mapping Aganagic—Vafa Branes By S-Transformation. The S-
transformation relates the two SL(2;Z) frames in Figures 9 and 10. The
Aganagic—Vafa branes in two setups should be exchanged accordingly. In par-
ticular, the @ and H generating functions of refined open BPS invariants are
expected to match with each other.

Indeed, we confirm the following identities:

QS (m, Xy q1, 2) = <H}iﬂ)> (a=-ma'e" Z = (@X) 'miq1,q2))
(3.42)

in the chamber |m| < |X| < 1, and

) (m, Zq1,42) = <Q§c3:3_5%> (a=-mag" X =Ziq " q2),  (3.43)

in the chamber |m|,|Z| < 1 at series expansions. Note that the left-hand sides
in fact is not dependent on ¢, and correspondingly the go-dependence of the
right-hand sides is entirely absorbed into the Kéahler parameters.

Note that the right-hand side of (3.43) is defined in |q| < 1, while
the left-hand side is defined in |Z| < 1. Thus, the matching in the domain
|m|,|Z| < 1 yields the analytic continuation of the generating function to
different chambers. For instance, we may expand the left-hand side in the
chamber |Z| < 1 < |m| and extract the refined open BPS invariants there.
This precisely agrees with the ones in [14], which were obtained by realizing
the geometric transition in the topological vertex amplitudes.

3.4. Local P* x P!

Now, we consider the case where X contains a compact 4-cycle. The simplest
example is the local P! x P!, i.e., X = Tot (Kpiyp1). The 5d N' = 1 gauge
theory realized by the (p, ¢)-web is the pure U(2) gauge theory. The partition
function specializes to

chosed(a7 q;4q1, (J2) = Zl—loop (a; q1, (12) Z quT (M2,k)
k=0 (3.44)
= Z27°°P(a;q1,42) > /PR [Chr (TaMa1)],
{2}



Refined Invariants and Quantum Curves

(_15 1)
(111)
(_27 0) (07 O)
N "]
-
_ (D /
(=1,0) ()
(717 71)
(a) (b)
FIGURE 11. a Toric diagram of local P! x P! at f = —1, with

a crepant resolution given by the triangulation, and its dual
graph; b The corresponding (p, q)-web of fivebranes and the
D3-branes dual to the AV branes. The cases (I), (II), (III)
give a (Q-observable, while the case (IV) provides an H-
observable

where the 1-loop part is independent of the gauge coupling q, determined solely
by perturbative contributions of the W-bosons as

Z110P (g2 g1 o) = H (1 _ aqiqg) (1 _ aqi“q%“) ) (3.45)
i,j=0

To extract the refined closed BPS invariants of the local P! x P!, we identify
the gauge coupling q and the Coulomb parameter a with the complexified
Kshler parameters associated with the base P' and the fiber P! as Q, = a
and Q5 = qa. Note that the partition function (3.44) is a series in q, with
each coefficient given by a rational function of (a, ¢1, ¢2). To bring it into the
Gopakumar—Vafa form, each coefficient should further be expanded in a.

The P! x P! enjoys the symmetry of exchanging the base and the fiber.
Thus, the refined closed BPS invariants should be symmetric under the ex-
change of @y and Q. Such a symmetry is far from being obvious in the
expression of the partition function (3.44), since the gauge coupling q and the
Coulomb parameter a are not in the equal footing in the 5d N' = 1 gauge
theory. In particular, this symmetry swaps the perturbative contribution and
the non-perturbative contribution to the partition function. Nevertheless, a
straightforward check at series expansion shows that it is indeed symmetric.
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3.4.1. 3d U(1) Gauge Theory with Two Chiral Multiplets Coupled to 5d Pure
U(2) gauge theory. Now, we insert an Aganagic—Vafa brane and study its re-
fined open BPS invariants. On a single D3-brane, the 3d N/ = 2 U(1) gauge
theory with two chiral multiplets with charge +1 is realized. This 3d N = 2
gauge theory couples to the 5d A/ = 1 pure U(2) gauge theory, through gaug-
ing the 3d flavor symmetry by the 5d gauge field restricted to the locus of the
3d theory.

The complex scalar X is turned on for the @Q-observable (the cases (I),
(IT), and (IIT) in Figure 11), which corresponds to the Kéhler modulus for the
relative cycle in Ho(X, £;Z). The Q-observable is written as

) a, qllwan 1A) g qQEM
Qr(X)r=0(X""q1) H —x a 1:[1 ==

(3.46)

The observable only depends on the ratios of the Coulomb parameters a,
and the complex scalar X. We choose the normalization so that a; = 1 and
as = a. The vacuum expectation value at the vacuum specified by the Coulomb
parameter a = as / ap computed as

Yy MPE[Chr (TaiMo2k)] Qf(X)a
Xy 9¥IPE[Chr (TaMa k)]

Zopen(a7 q, X5 q1, (J2) = <Qf(X)>
(3.47)

By construction, this is a series in gauge coupling defined in the domain |q| <
1. Each coeflicient of the series is an exact rational function in X. Given a
Kahler modulus chamber, we further expand the vev there to get the generating
function of refined open BPS invariants. In Appendix A.3, we present these
invariants at f = —1 in the chambers (I) |X| < |a|; (I) |a| < |X]| < 1; and
(II) 1 < | X].

The quantum mirror curve equation is satisfied by the ga = 1 limit of
this vev. To obtain this ¢;-difference equation, first we compute coefficient of
the gg-character (2.37) as

T(X)=aq; ¢, " X2 + t(a, 45 q1,q2) X ' +1,
1+a n q1q20(1 + a)
g2 (192 — a)(q1qza — 1)

coy, G

t(a, 95 q1,q2) :== —

where t(a,q;¢1,¢2) cannot be written in a closed form, but only given as a
series in q whose coefficients can be determined up to arbitrary order.
The quantum mirror curve equation is then given by

0= [(*q1X)fq1DX —aq;* X2 —tla,q;q1, )X = 1

(=) 2q007 P [ Qs (X)) gy (3.49)
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In the limit ¢; — 1, this reduces to the mirror curve of the local P! x P!,
0=(-X)Z—-aX"?=t(a,q; 1, )X ' =1+ (-X)2qaz7!  (3.50)

At f = —1, this indeed recovers the Newton polynomial equation associated
with the toric diagram in Figure 11. All the other cases with f # —1 can be
obtained by applying T-transformations.

By turning on the complexified FI parameter Z instead, we obtain the
H-observable where Z corresponds to the Kdhler modulus associated with the
relative cycle in Ho(X, £;7Z) (the case (IV) in Figure 11). The H-observable
is also obtained by applying (2.30) as

log X log (Z(*l)f(qul)é)
log g1

Hp(Z)y= > exp |- Qo(Xq;')a

o n=I(AM) =L (n—t\)) (n—t(A)+1
(Z(-1)f) a 5 ) )

=0 (qﬁ(J1)n(a(J1;Q1)n+z(,\<2))71(,\<1))
l()\(l)) o o l()\(Z)) o .
Fi—1(A Ay +i—l(X Ay
< 11 (1—q? g ) 11 (1—a6ﬁ” Ny )
i=1 i=1

(3.51)

When the decoupling limit ¢ — 0 of the 5d N' = 1 gauge theory is taken,
the only contribution comes from the zero-instanton sector A = &, at which
the H-observable reduces to the K-theoretic vortex partition function (3.31)
of the 3d theory. From the geometric perspective, the 5d gauge coupling is
identified with the Kéhler parameter of the fiber P! as Qf = qa so that this
limit corresponds to degenerating local P! x P! to the resolved A;-singularity.
(Compare the toric diagrams and their dual graphs in Figures 11 and 9.) With
the 5d gauge coupling turned on, q # 0, the vortex number is bounded below
by —k where k£ > 0 is the bulk instanton number. Thus, both vortex and anti-
vortex configurations on a fixed bulk instanton configuration contribute to the
above H-observable.

Its vacuum expectation value is identified with the generating function
of refined open BPS invariants of the Aganagic—Vafa brane,

_ 24 9P [Chr (TiMa,)] H(Z)

Zopcn(aa 9 Z; q1, QQ) = <Hf(Z)> Z{)\} qlMPE [ChT (TAMQ,k)]

(3.52)

Note that this is a double series defined in the chamber |q| < |Z| < 1. These
refined open BPS invariants at f = —1 are presented in Appendix A.3.

The quantum mirror curve equation satisfied by the go — 1 limit of the
vev is also immediate from (3.49) and (3.51). Namely, we get

0=|(-¢;"%)Z - agi”? — t(a,q;q1,1)q; 7”7 — 1
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+(—qy TP Pqaz | (Hy(2)) (3.53)

q2=1"
The ¢g; — 1 limit of this ¢;-difference equation recovers the mirror curve (3.50)
by construction.

3.4.2. Mapping Aganagic—Vafa Branes by S-Transformation. The S-
transformation maps the toric diagram in Figure 11 to itself. It exchanges the
toric legs corresponding to the base P! and the fiber P'. Thus, the Aganagic—
Vafa branes ending on those legs are swapped under the transformation. We
are led to the expectation that the @ generating function in the chamber (IT)
and H generating function in the chamber (IV) must be exchanged with each
other.

Indeed, by explicit computations of the series in these chambers, we con-
firm the following identity between the two:

(3.47)> X- ‘ _ <H(3.52)> 7. -
<Qf:—1 (aaqa 7(]17(]2) Xo/aX f=—1 (a7q7 thQQ) Z?(*\)/g;]qll)ég 1.
q—q "
—1 —1
q1—4; > 9292
(3.54)

We checked this matching up to the order of O(q*a?®) and all order in X. The
combinatorial identities involved in the matching of coefficients are very non-
trivial, as explicitly seen from the respective observable expressions. Note in
particular that neither the left nor the right-hand side has trivial ¢go-dependence,
unlike the previous examples. Such a surprising match strongly supports our
claim that the 3d-5d partition functions provide the generating functions of
refined open BPS invariants.

3.5. Local [F,

Let us turn to the next-to-simplest Hirzebriich surface, the local Fi, i.e., X =
Tot(Kp,). The 5d N/ = 1 theory engineered by the associated (p,q)-web of
fivebranes is the pure U(2) gauge theory with Chern—Simons level kcg = 1.
The partition function specializes to

Zetosed (0, 8541, 42) = Z'7°°P (a3 q1, ¢2) Z q"xT (Ma; L)
k=0

= 2P (4;q1,42) Y a [ T] xo | PE[Chr (TaMa )],
2} Oea
(3.55)

where the 1-loop part is still coming from the W-bosons as in (3.45). The
symmetry of exchanging base and fiber is now lost; accordingly, the partition
function is no longer symmetric under the exchange of the associated Kéhler
parameters () = a and Q¢ = qa.
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(717 1)
-2,0 0,0 >\ ‘
(=2,0) — 0,0) (I11) -
// -
. . I
(=1,0) 0. -1) @ )
(a) (b)
FIGURE 12. a Toric diagram of local F; at f = —1, with a

crepant resolution chosen by the triangulation, and its dual
graph. b The corresponding (p, ¢)-web with D3-branes dual
to AV branes. The cases (I), (IT), (III) correspond to a Q-
observable, while the case (IV) gives an H-observable

3.5.1. 3d U(1) Gauge Theory with Two Chiral Multiplets Coupled to 5d pure
U(2) gauge theory with kcs = 1. Now, we insert an Aganagic—Vafa brane
and study its refined open BPS invariants. The 3d A/ = 2 gauge theory realized
on the D3-brane is still the U(1) gauge theory with two chiral multiplets with
charge +1. The Q-observable and the H-observable assume exactly the same
expression as in the case of the local P! x P!. Namely, we have

a ql Al@) 1(A(2)) a qiilq/\ga)
_ -1, af] . aHl 2
QX =0(x 0 ] (X,ql) [T [1- s e ),

o i=1
(3.56)
where we normalize a; = 1 and as = a, and
oo (Z(—l)f)n—l(x(l)) q_%("‘l(k(l’))(n—l(,\ﬂ))_‘_l)
H (X))\ = (aql;ql) 1
f A 00712:;) ((ZI;q1)n(aq1§q1)n+l()\(2))71(>\(1))
o i— 1AMy AM 1A i— 1AMy AP
X H (1 — q;L-H— ( )q21 > H (1 — aCIIL—H_ ( )q2,i ) '
i=1 u

(3.57)

The only difference is that their vevs are computed with different measure
due to the effect of the Chern—Simons level kcg = 1. Namely, the vevs are
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computed as

! q' (HD@ XD) PE [Chr (TaxMa.)] Q7 (X)x
S 9% (Toey x0) PE[Chr (TaMa )]

_ Xy (Hm@ XD) PE [Chr (TaMa )] Hf(X)a
Ty (HDQ XD) PE[Chr (I\May)]

The Kéhler modulus associated with the relative cycle in Ho (X, £;Z) is iden-
tified with X and Z, respectively. Note that the vev of the @Q-observable is
expanded in |q| < 1 as a series in g, whose coefficients are exact rational func-
tions in X. Expanding in a given chamber, we obtain the refined open BPS
invariants in (I) |X| < |a|; (I) |a| < |X| < 1; and (III) | X| > 1. The vev of the
H-observable is a double series defined in the chamber |q| < |Z] < 1, yielding
the refined open BPS invariants there (the case (IV) in Figure 12). Compared
to the case of local Fp, the fiber-base duality is no longer present so that @
and H generating functions do not agree. We present some of these refined
open BPS invariants at f = —1 in Appendix A.4.

(Qr(X)) . (3.5%)

(Hyp(X)) (3.58b)

The go — 1 limit of these vevs satisfy the quantum mirror curve equa-
tions. For this, we first compute the coefficients of the gg-character as
T(X) = ag; 23 X 2+ t(a, 851, 42) X + 1,
l+a (14 qugo)a?
192 (192 — a)(aqigz — 1)

3.59
q+0(%), (359)

t(a, q;q1,q2) = —

where t(a,q;q1,q2) cannot be written in a closed form, but only given as a
series in q whose coefficients can be determined up to arbitrary order as exact
rational functions in (a, q1,¢2)-

The quantum mirror curve equation is then obtained as

0= [(*qu)fqlDX —ag; 2 X2 —t(a, 51, 1)X
—1- (—X)‘f‘lqaquX} (Qr(X)) gy - (3.60a)
0=[(~ar"*) 2 = ag?®* — t(a. ;0. )+
1= (=) qaqr PY] (B (2)),, -, (3.60D)
In the limit ¢; — 1, these equations reduce to the mirror curve of the local F7,
0=(-X)Z-aX?-t(a,q;1, )X =1 (-X)"lqaz"t.  (3.61)

Indeed, at f = —1 this recovers the Newton polynomial equation associated
with the toric diagram in Figure 12. All the other cases with f # —1 are
obtained by applying T-transformations.
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4. Discussion

One of the main achievements of this work is the computation of refined open
BPS indices for the toric Calabi—Yau threefold studied here. A rigorous math-
ematical definition of “motivic open Donaldson—Thomas invariants” is still
lacking; nevertheless, our results provide nontrivial consistency checks of their
expected structural properties, including integrality and positivity.

The relations of the closed motivic DT invariants and 5d A’ = 1 BPS
quivers have been already well understood, both from physical [94,98-101]
and mathematical points of view [102-104]. These quivers were also studied
from the perspective of mirror symmetry [27,57,81,105]. Given a toric Calabi-
Yau threefold X and its mirror XV, these quivers have been constructed for
both Fuk(X) and D*Coh(X") and the associated motivic DT invariants have
been shown to reproduce refined DT invariants in several examples, e.g., [94].

It is therefore natural to expect the existence of an analogous quiver
description encoding the 3d-5d BPS spectra, from which motivic open DT
invariants could be defined combinatorially. From a physical viewpoint, the
appearance of such invariants is natural; however, a complete mathematical
framework for their construction remains elusive. At present, quiver descrip-
tions of 3d—5d BPS states are known only for limited classes of Calabi—Yau
threefold called strip geometries [14,41,78,106-108]. Though even in these
cases a satisfactory mathematical understanding of the refined invariants is
lacking. We hope that the computations presented here will provide further
motivation for a systematic study of motivic open Donaldson—Thomas invari-
ants.

In the limit go — 1, the ¢;-difference equations studied in this paper
have several mathematical significances which are yet to be investigated thor-
oughly. One of them is the connection to the cluster varieties and quantum
Teichmiiller theory. Some studies have been initiated in the works of [109].
The procedure of nonabelianization in [57], generalizing [80], provides a path
lifting map, where the base is a C*-plane. The moduli space of local systems
on C* can be identified with the double Bruhat cells G/Ad(H), where G is
an affine Lie group determined by exponential networks on C* and H is the
Cartan. The cluster parametrization of the double Bruhat cells [110], provides
a direct connection between quantum Teichmiiller theory and the difference
equations.'? Indeed, one can view the exponential networks as defining the
Stokes lines for the difference equations, some justifications for which were
provided in [41] An alternative approach through WKB techniques was taken
in [85], see also [15,16,111,112]. Topological recursion is yet another method for
solving difference equations [61,113].1! Given a classical curve, its quantization
is not unique. There are in general multiple difference equations that reduce

10We thank Valdo Tatitscheff for explaining some aspects of his upcoming work with Raphael
Senghaas and Johannes Walcher.

11For the strip geometries, this was explicitly constructed in [41,107], through topological
recursion. It was observed that the form of the quantum curve depends on the choice of the
base point X highlighting the aforementioned ambiguity in quantization.
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to the same curve in the classical limit. As far as we can tell, topological recur-
sion generally produces a different quantization from the one given in terms
of the TQ equation presented in this paper. (In the case of strip geometries,
this distinction is clear from the computations in [41].) It is also important
to note that methods like WKB and topological recursion produce solutions
that are perturbative in A, whereas localization produces the solutions as ex-
act functions in h = 1. Our construction of the g;-difference equation should
be intimately connected to these approaches. Turning on ¢s # 1, however,
remains highly mysterious. The results here in this regard should pave new
directions for future research.

Finally, the study of BPS invariants admits a powerful algebraic recasting
in terms of the quantum toroidal algebra and networks of its intertwiners [114].
A physical explanation of this picture was recently provided in [115] within
the framework of twisted M-theory [116], where the (p, ¢)-web of fivebranes is
dualized to a network of holomorphic surface defects in the 5d holomorphic-
topological non-commutative Chern—Simons theory. Moreover, motivated by
[117], it was shown in [115,118] that the R-matrices intertwining certain rep-
resentations can be identified with Miura operators for g-deformed W- and
Y -algebras. In a dual IIB frame, these R-matrices admit a brane realization in
terms of D3-branes passing through the (p, ¢)-web. This perspective suggests
that Aganagic—Vafa branes should admit a purely algebraic description, shed-
ding light on the algebraic structures underlying open BPS invariants. See also
[119-121] for relevant studies.
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A. Tables of Refined Open BPS Invariants

In this paper, we proposed that we can compute the generating function (2.18)
of refined open BPS invariants associated with a pair (X, L) consisting of
a toric CY 3-fold and an Aganagic—Vafa (AV) Lagrangian brane as the ex-
pectation value of codim-2 defects Q¢(X) (2.26) and Hy(Z) (2.30). The H-
observables are related to the Q-observables of a (generically) different theory
via combinations of S and T-transformations. (See Sec. 2.3.4, e.g., Fig. 4.) So,
for computing invariants it suffices to focus on the @-observables. Equating
the normalized expectation value of () to the generating function, we extract
the invariants as

Z
for charges r,s € ox v € Hy(X,L;Z)\{0},

. (A1)

Np* = (=0 laia; 2] (01 = 0 PLIQN] (.01, 02) )

Here, PL(f)(z,---) refers to the plethystic log of a function f evaluated at
z,-+- and for any monomial z”--- in any number of variables [z¥---]|(F)
refers to the coefficient of z¥ - -- in the expression F.

In the rest of this section, we shall tabulate these integers for various
local Calabi—Yau s. For brevity, we shall package the integers corresponding
to different powers of ¢; and ¢ at a fixed power of the Kéhler parameters into
a single expression. Furthermore, since ¢; and g2 can appear with half integer
powers, we introduce the variables

A= qi/Z, W= q;/2 (A.2)

and write the expressions in terms of these variables. In particular, for a pair
(X, L) we define:

for ve Hy(X,L5Z):  Ay(Ap) =Y NPEAT 2t (A.3)

r,sE%
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Note importantly that for any local Calabi—Yau and exponents v, the above
expression is a Laurent polynomial with integer coefficients:

A\ ) € ZINF, ], (A4)

There is in fact one more constraint on the sign of the invariants. From
the definition (2.18) of their generating function as a supersymmetric index,
we expect N.® to be the dimensions of subspaces of the BPS sector of the
theory with definite charges, in particular we expect them to be positive. We
observe this in the computed invariants as follows. After choosing a Z-basis
of Hy(X, L;Z) corresponding to the appropriate Kéhler parameters, let X be
the relative Kéhler parameter corresponding to the location of the AV brane
on a toric leg. For any v € Hy(X,L;Z), let £(v) € Z be the coefficient of
the basis vector corresponding to X, so that we can write z¥ = X¢®) ...,
Gauge theory provides the generating function (2.18) as a power series in the
5d gauge coupling with coefficient being rational functions of X (and other
Kéhler parameters) and we can expand it in different regions of the parameter
space as long as the gauge coupling is small. A small X expansion will contain
only positive powers of X and a large X expansion only negative ones. More
generally, there can be regions with mixed powers of X (for geometries with
internal vertical edges in their toric diagrams). We observe that

AV()‘a :u’) € N[}\i’ /u’i] fOI‘ E(l/) Z 07
—A, (A 1) € NI, 2] for £(v) < 0.

The exponent of X is related to the oriented boundary 1-cycle dv € Hi(L),
i.e., to the winding of M2-branes/strings ending on L. It is therefore expected
that inverting X corresponds to counting BPS states with the opposite sign,
leading to the sign flip. This aspect of the refined invariants was also observed
in [14] in case of strip geometries.

In most of the examples, we shall choose two out of the available Kahler
parameters, one of them being X, labeling the position of the AV brane on
a toric leg, and the other ¢, the 5d gauge coupling. Then, for some set of
exponents for the remaining Kéhler parameters we shall make a table whose
columns and rows will refer to powers of g and X, respectively, and the cor-
responding entries will be the Laurent polynomials A, (A, ). For example,
suppose in an example we have the Kahler parameters ¢, X, and a. Then for

(A.5)

various powers a®, we shall make such as:'?
oF
qj
XU - Aij (A )

12We are using the fact that H2(X, £;Z) is torsion-free and we can choose a Z-basis.
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T(X)=1-q¢'g' X1,

q2—1

—1y-1,Dx 3-Dx
—q X' * =T (X) +qqf (R-1(X)) ="0.

F1GURE 13. Toric diagram for the resolved conifold, the same
diagram from Fig. 8. The D3 brane inserts the QQ-observable
in the engineered 5d N' =1 U(1) gauge theory. The D3 brane
in position I and IT correspond to the small X and large X
expansions of the resulting expectation value, respectively. To
the right are the corresponding gg-character (3.19) and the
quantum mirror curve (3.20) with f = —1 and q — \/q1q

(11) T(X)=1-(g7'q;" +q) X7,

{qle_liﬁ)X +T(X) + CIX_llh_DX} (Q-1(X))

q2—1

0.

—
—
=

FIGURE 14. Toric diagram for the resolved A;-singularity, the
same diagram from Fig. 10, with a D3 brane that inserts the
Q-observable in the engineered 5d N’ = 1 U(1) gauge theory
with Chern—Simons level kcg = —1. Positions I and II of the
D3 brane correspond to the small and large X expansions of
the expectation value. To the right are the corresponding qq-
character (3.36) and the quantum mirror curve (3.37) with
f=—-1landq— —q

There is a priori some ambiguity in these invariants stemming from the
freedom to choose a basis of Hy which corresponds to mixing the Kéahler pa-
rameters, and even from mixing the Kahler parameters with A\ and p. The pre-
sentation of the mirror curve (2.40) fixes the choice of the Kahler parameters.
The quantum mirror curve, i.e., the TQ Eq. (2.39), fixes any ambiguity about
mixing the Ké&hler parameters with A. The freedom to mix with p can be fixed
by the expression for the gg-character (2.37) in terms of the @Q-observables.
We shall therefore accompany our tables with the corresponding mirror curve
and a perturbative expression for the gg-character.

A.1. Resolved Conifold

Below we tabulate the BPS invariants extracted from (Q_1(X)). In this theory,
there are only two Kéahler parameters, the 5d gauge coupling q and the defect
moduli X. The defect partition function (Q_1(X)) is analytic in X, and we
extract two sets of invariants by expanding it in two domains, |X| < 1 and
|X| > 1 (Fig. 13).
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A.2. Resolved A;-Singularity

Toric diagram with AV branes is depicted in Fig. 14. Invariants from small
and large X expansions — corresponding to cases I and II from the diagram —
are tabulated below.
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FIGURE 15. Toric diagram for local Fy (Fig. 11) with an AV
brane, engineering a 5d N' = 1 U(2) gauge theory with Chern—
Simons level kcg = 0 and the insertion of a Q-observable. Be-
low are the corresponding gg-character (3.48) and the quan-
tum mirror curve (3.49) with framing f = —1 and a rescaled
parameter q — aq123 5. The three different positions of the

D3 brane corresponcf to three different regions of the Kahler
parameter space: 1) |X| < |v/al, IT) |va| < |X| < %, and
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A.3. Local Fy

Local Fj has two Kéahler parameters corresponding to the two 2-cycles de-
picted by the horizontal and the vertical finite edges of the toric diagram
(Fig. 15). They translate to the 5d gauge coupling q and the Coulomb moduli
a, respectively. Insertion of the AV brane introduces a relative 2-cycle and a
corresponding Kahler parameter X. We extract BPS invariants from the de-

fect partition function <Q_1 (7%(112)()> Below we make tables of invariants

by expanding the partition function in different regimes. Rows and columns
of the tables denote powers of q and X, and different tables correspond to
different powers of a. Because of the rescaling of the argument of Q_1 by /a,
invariants appear at half-integral powers of a iff powers of X are odd.

The toric diagram and the quantum curve in Fig. 15 are invariant under
the inversion:

(X,q1) — (XN h), (A.6)

which relies on the nontrivial property

1 1
t(aaq;th) = 72t (G/?qql;al) (A7)
aqi a3 aqg ¢

of the coefficient of X ! in the gg-character. Under this inversion, a D3 brane
in position I is mapped to position III and vice versa. But a D3 brane in
position II is mapped to itself. We expect to see this symmetry in the defect
partition function and in turns in the BPS invariants. The above Zs-symmetry
is evident in the Nekrasov—Shatashvili limit (g2 — 1) and needs to be extended
to the refined case. We observe this symmetry in the refined case in terms of
the invariants as follows:

for i > O: Ai,j,k()\aﬂ) = *Afi,j,k()\ila /1,71). (A8)

This is manifest in the computed invariants below.
Case I: | X| < |\/al.

Tables at low degrees in a are sparse, and we present the first few of them
as series:

o a<73/% Ajjre—3(Ap)=0.
° a_3/2:

g (K ) s 5
S dosnxe = (Seat fee) X rone). (a9
1,jEL
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Tables from a° to a3/2 follows.
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Case III: | X| > . We checked that that invariants in this case at nonzero

[Val*
degrees in X respect the symmetry (A.8). Invariants at degree zero in X are

not related in this way so they need to be specified separately. These invariants
simply vanish in the present case up to the orders checked.
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FIGURE 16. Toric diagram for local F; (Fig. 12) with an AV
brane, engineering a 5d N' = 1 U(2) gauge theory with Chern—
Simons level kcg = 1 and the insertion of a Q-observable. Be-
low are the corresponding gg-character (3.59) and the quan-

tum mirror curve (3.60a) with framing f = —1 and a rescaled
parameter ¢q — aqz\f/‘;lﬁ. The three different positions of the

D3 brane correspond to three different regions of the Kéahler
parameter space: I) | X| < |\/al, II) |va| < |X]| < \\}5\’ and

1
1) = < |X]
A.4. Local Fy
See Fig. 16
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